International Journal of Engineering and Advanced Research Technology (IJEART)

ISSN: 2454-9290, Volume-1, Issue-6, December 2015

Global attractivity and positive almost periodic
solution of a multispecies discrete mutualism
system with time delays

Hui Zhang

Abstract— In this paper, we consider an almost periodic
multispecies discrete Lotka-Volterra mutualism system with
time delays. We first obtain the permanence and global
attractivity of the system. By means of an almost periodic
functional hull theory and constructing a suitable Lyapunov
function, sufficient conditions are obtained for the existence of a
unique strictly positive almost periodic solution which is
globally attractive. An example together with numerical
simulation indicates the feasibility of the main results.

Index Terms—Almost periodic solution, Mutualism system,
Discrete, Global attractivity

I. INTRODUCTION

Recently, investigating the almost periodic solutions of
discrete and continuous population dynamics model with time
delays has more extensively practical application value(see
[1-19] and the references cited therein). In this paper, we are
concerned with the following multispecies discrete
Lotka-Volterra mutualism system with time delays

zi(k+1) = z;(k)exp {ai(l.‘) —bi(k)zi(k —0:) +

n

z;(k —T1i5)
>, wWt
Pyl d,j(l‘)-fvlj(’\ — Il‘j)

where {ai(k)}, {bi(k)}, {c;k)} and {d;(k)} are bounded
nonnegative almost periodic sequences such that

0 < al < a;(k) < a?, 0 < bt < bi(k) < bY,

}. t=T1:2,= my; (1)

0<dly <eylk)<cly,  0<di; <di(k) < dy,
,n,j # i, k € Z. For any bounded sequence {f(k)}

defined on Z, f* = sup f(k), f' inf f(k).
keZ keZ

i, j=1,2,--

By the biological meaning, we will focus our discussion on
the positive solutions of system (1.1). So it is assumed that the
initial conditions of system (1.1) are the form:

24(0) = @i(6) 2 0, ,(0) >0,
0 € N[-7,0] = {-,

T = max

1<i,j<n,j#£i

To the best of our knowledge, this is the first paper to
investigate the global stability of positive almost periodic
solution of multispecies discrete Lotka-Volterra mutualism
system with time delays. The aim of this paper is to obtain
sufficient conditions for the existence of a unique globally
attractive almost periodic solution of the systems (1.1) with

{O'i.'/'ij}.
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initial condition (1.2), by utilizing an almost periodic
functional hull theory and constructing a suitable Lyapunov
functional and applying the analysis technique of papers [3,
12, 13].

The remaining part of this paper is organized as follows: In
Section 2, we will introduce some definitions and several
useful lemmas. In the next section, we establish the
permanence of system (1.1). Sufficient conditions for the
global attractivity of system (1.1) are showed in Section 4.
Then, in Section 5, we establish sufficient conditions to
ensure the existence of a unique strictly positive almost
periodic solution, which is globally attractive. The main result
is illustrated by an example with a numerical simulation in the
last section.

First, we give the definitions of the terminologies involved.

Definition 2.1([20]) A sequence x: Z—R is called an
almost periodic sequence if the g-translation set of x

Ele,zy={r€Z:|z(n+71)—2(n)|<e,Vne Z}
is arelatively dense set in Z for all € > 0; that is, for any given
€ > 0, there exists an integer I(g) > 0 such that each interval of
length I(¢) contains an integer T € E {g, x} with
|z(n+7)—2z(n) |<e, VneZ.
1 is called an e-translation number of x(n).

Definition 2.2([21]) Let D be an open subset of Rm, f: Z
xD —R™. f(n, x) is said to be almost periodic in n uniformly
for x € D if for any € > 0 and any compact set S c D, there
exists a positive integer I=l(e, S) such that any interval of
length | contains an integer t for which

[f(n+T1,2) — f(n,2)| <e, V(n,z)eZxS.

7 is called an e-translation number of f(n,x).

Definition 2.3( [22]) The hull of f, denoted by H(f), is
defined by

H(f)
for some sequence {t}, where S is any compact set in D.

Definition 2.4 Suppose that X(k) = (x3(k), X2(k), - - -,

Xn(K)) is any solution of system (1.1). X(Kk) is said to be a
strictly positive solutionin Z if fork€zZandi=1,2,---,n

PRELIMINARIES

{g(n,z): ]\lim f(n+ Tk, z) = g(n,z) uniformly on Z x S},

< sup zi(k) < oo.

keZ

Now, we state several lemmas which will be useful in
proving our main result.

Lemma 2.1( [23]) {x(n)} is an almost periodic sequence if

0< An}fl zi(k)

and only if for any integer sequence {kiv }, there exists a
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subsequence { k } c {k; } such that the sequence {x(n+K.)}

converges uniformly for all nEZ as i —o. Furthermore, the
limit sequence is also an almost periodic sequence.

Lemma 2.2( [24]) Assume that sequence {x(n)} satisfies
x(n) >0and

z(n+1) < z(n) exp{a(n) — b(n)z(n)}

for nEN, where a(n) and b(n) are non-negative sequences
bounded above and below by positive constants. Then

1
llmjup z(n) < [[ exp{a" —1}.
n—+00

Lemma 2.3( [24]) Assume that sequence {x(n)} satisfies

z(n+ 1) > z(n) exp{a(n) — b(n)z(n)}, n > Ny,

limsup z(n) < z*
n—-+0o0

and x(Ng)>0, where a(n) and b(n) are non-negative sequences
bounded above and below by positive constants and No € N.

Then
II.

In this section, we establish the permanence result for
system (1.1).

Theorem 3.1 System (1.1) with initial condition (1.2) is
permanent, that is, there exist positive constants mi and M;(i =
1,2, - - -, n)which are independent of the solutions of system
(1.1), such that for any positive solution (X;(k), Xo(K), - - -,
Xn(K)) of system (1.1), one has:

m; < llmmfz i(k) < limsup a;(k) <

—++4-00 k— 400

Proof. Let (x;(K), X2(k), - - -, Xn(K)) be any positive solution
of system (1.1) with initial condition (1.2). From the first
equation of system (1.1) it follows that

llmmf z(n)
00

n- b u

1 1
- . a { U * a
> min I—'vxp{u — b x"}, —
u

PERMANENCE

. M;, i=1,2,--

vy M,

zi(k + 1) < z4(k) exp {a:(k) + Z cij(k)}
=144
< zi(k)exp {af + Z c?j}‘ (3.1)
=1
By using (3.1), one could easily obtain that
zi(k — 0;) > z;(k) exp { — o(af + i c (3.2)

J=1,j#i
Substituting (3.2) into the first equation of system (1.1), it
follows that

n n

.1',(k—1i§1,(k‘|oxp{af‘— Z fﬁ,—bfex1){—n,(n:‘- Z (’ﬁ,l}.z',l,k}},

j=L,j#i j=Llj#i

(3.3)

Thus, as a direct corollary of Lemma 2.2, according to (3.3),
one has

n

1
limsup z; (k) < — exp{(a; + Z cij)oi+1) =1} A M.
k—+4o00 b

& J=1,j#i

(3.4)

For any small positive constant € > 0, from (3.4) it follows
that there exists a positive constants K > 0 such that for all k >
Kandi=1,2,---,n

Xi(K) < M; + &. (3.5)
For k > K+g;, from (3.5) and system (1.1), we have
zi(k + 1) > 2;(k) exp {a;(k) — b;(k)zi(k — 0:) }
> z;(k) exp {al — b¥(M; +¢)}. (3.6)
Thus, by using (3.6) we obtain

58

zi(k — 0;) < zi(k)exp { — o3fal — bA(M; +2)]}. 3.7)

Substituting (3.7) into system (1.1), for k>K+g;, it follows
that

zi(k+1) > zi(k) exp {ag ~bexp{ - ailal = bY(M; + )]}h(l.)}

Thus, as a direct corollary of Lemma 2.3, according to (3.4)
and (3.8), one has

(38)

Em inf z;(k) > min{mg, ., ms,. }, (3.9)
where
I
Mi e = lc\p{(rz [a; — b} (M; + ¢ )}}

bl
Miye = M, - €XP {ai = b exp{—o; [al — b2 (M, + )|} M; }

Letting e—0, it follows that

4 g 1
liminf z;(k) > = min{m;,,m;,} £ m; >0,

k—+o00 2

(3.10)

where

mi, = —exp {01 (a; — b M; )}

I

Mm;, = M;, exp {ai — by exp{ - U{(aé — b;‘.v’\[i)}.r"\[i}.

TR

Then, (3.4) and (3.10) show that system (1.1) is permanent.
The proof is completed.

IV. GLOBAL ATTRACTIVITY

In this section, by constructing a non-negative Lyapunov-
like functional, we will obtain sufficient conditions for global
attractivity of positive solutions of system (1.1) with initial
condition (1.2). We first introduce a definition and prove a
theorem which will be useful to obtain our main result.

Definition 4.1 A solution (Xy(K), X»(K), , Xn(K)) of
system (1.1) with initial condition (1.2) is said to be globally
attractive if for any other solution (x*1(K), X*»(K), - - -, X*n(K))
of system (1.1) with initial condition (1.2), we have

lim (z;(k) —z:(k)) =0, i=1,2,--- ,n.
k—+o00

Lemma 4.1 For any two positive solutions (x,(k),

X2(K), - -+, Xp(K)) and (x*1(K), x*2(K), - - -, X*n(K)) of system
(1.1) with initial condition (1.2), we have for k > 2t

zi(k+1) (k) > <
In= =1 — b (k)[z; (k) — z} (k)]
“1',‘1k+1} “l‘;(k] bi(k)|zi(k) — z; (k)|
i N (K zj(k —7i;) — zj(k —735)
N (""‘ )51 a0+ uk—*xd(kﬁ«l.—* ]
HMZ * ()] A4i(s) [ai(s) — bi(s)z: (s — 03) Z %j{8 ~ Ty)
=+ I; (s a;l T —0i)+ Ci i
b, = 8) —x7(s)]Ai(s)| o ldly PP
1'](5—7”} s
+ )Bi(s \[ 5(8)di;( -
zils)Bils Z Gi\8)a ri i(8) + x(s — ) ‘d,]telﬁ—r;(s—nﬂi
J=1g#1 J J 1
—bi(s)[zi(s — 03) — 2} (s — 03)] } (4.1)
where
Ai(s) = (-xp{li,h!:/:,l.\)7Iv,1.~|_rv'1.~—n,)+ z :,,(.q# 3

j=1j#i

— bi(s)zy(s — 07) + Z eyle)—io— ) 3
dij(s) + (s — 75;)°

=14

B;(s) = exp{ ;(s)[a;(s)

){
(8 —Ti;)

+ (1 — @i(s))[ai(s) — by(s)af (s — 0;) + L (s ;,H‘,i[’__ﬂ

j=1,j#i

(4.2)

b

, N, we can have from system (1.1)

0i(s),pi(s) € (0,1),
Proof. Fori=1,2, -

F=1,2;--
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1nl'((2:11)) —ln;il;‘)) :111“"3(:"'(:)1) —1n":l(‘§'(;:)1) |n 2t ‘(: +1'| < \1.ii‘v’ = by(R) [z (K) — x5 (k)| + Z :fii:l vy (k = 7i3) — 23 (k —7i5)|
=)= bl(”"‘(k’70’)+j:,z_]%i"](’”)m fh,qun. {\f.(») — 23 ()| Ai(9) [ai(8) + bi(s) | (s — 03)] + .Z? d:;:‘:, 23 (s —7i5)l]
* S zj(k = 7ij) } 2L e(s)
= |ai(k) = bi(k)zi (k — oi i (k) e —— + |zi(s s L |pi(s — i) — 23 (8 — Tiz)| + bi(8)|zi(s — o) — i (s — 0 X 8
RCRECEl W+ 2 O k) B0 3 Galess 7o) = x5(s ~r)l+ biolats e ~sits~oil]}. (49
. ) . Since
_ ik z;(k —7i;) B z}(k — 75) ]—b,k Tl g (Ko .
J;%,"’( )Lmu-)w](k—m) dij (k) + x5 (k — 75) i = zi(k) — z} (k) = o (®) _ neil®) — ¢ (k) In(z (k) 2} (k), i=1,2,---,n,
i w— ay(k—rig) — 23k — 73y) SRETh <] where &(K) lies between x;(k) and x*(K), i=1, 2, - - -, n, it
= cij(k)di; (k —bi(k)[zi(k) — 7 (k
P g () + 5 (b — g (R) + 25 (k = 735)] follows that

J=1j#i

+ i) {[aa(h) — ik = 00)] = [} (k) — 2} (k = 0]}, [t (k) /7 (K)) — bi(k) i (k) — 2 ~1|
that is = |In(zi(k)/x} (k)) — bs (k)& (k) In(z: (k) [z} (k)|
ri(k+1) 2i(K) (k- 75) —2j(k -, = |In(zi(k)/z} (k)| = (5 — |5 — bi(k)|) |zi (k) — 2} (k)| (4.9)
nEEED)  Cm® *“Z;‘ e Ry ) e = Ty ) T 25 (L—r,,)i (Ei(") ‘5’(}‘) |> N
—bu(R)[ze(k) — 2 )]+ buC) s (k) = ek = )] = [z (K) — 3k = )]} (43) By Theorem 3.1, there are constants M;> 0, and a positive
Since integer K, such that for k > ky, 0 < x;(K), x* (k) <M;, i =1,
[e:(k) — zik — 03)] — [} (k) — 2 (k — 03)] 2, --,n.Then from (4.8) and (4.9) we can obtain that for k >
k—1 k—1 k + 2T
= Y me+)-n@) - Y EH+1)-2i(6)] 0 < it
i b= AV (k) < —(- R £|~ = by (8)] ) |a(k) = 3 (k) + ‘Z a0 = ) =2k = 7i)|
k—1 J7
= 7; {lzi(s +1) =z} (s + V)] = [zi(s) — 2 ()]} (4.4) +bi(k) AL {l(.~i{u,(~lo.\l,h,<s)+ Z ‘{1"(’("\.,( ) —23(s)|
and for k>21t +MiBi(s) Z y.(~-,,,)-,|~-1.,»|
[ei(s + 1) — 2} (s + 1)] = [2i(s) — 27(s)] =
o\ « : - zj(s —Tij) + M;B;(8)bi(s)|zi(s — 07) — 7 (s — 03)| 3. (4.10)
= z;(s) exp [a,(s)—bl(s)zl(s—01}+J:¥#im,(s)m }
. 2¥0_ai) Secondly, Iet
(s ) =B @) ile i ()2 M) 1 fpi(s) — z*(s " o
— 27(s) exp [ai(s) — bi(s)z} (s m)+j:§%701J(3)dl](5)+r}(57n])} [zi(s) — 7 (s)] Vat)= 3 Z j,t(;t:))‘r)m_J,;M]
J=ljfis=k—1y; b
. ’ . zj(s —75) o = - " Myei(u)
= |Ti —Z; (¢ 2 i(8)— b; Z;\$—0; iAJAJ—l + hi (s Ai(u)|ai(u) + Mibi(u) + 365 ri(u) —x}(u
()= 7 e o)) Wt Y gt } > n )“:Zm{m o+ s+ 35 ) s
(s % J(s) —b; (s — - (s z;(s — 7ij) + M;Bi(u) Z o “' —Tij) — x5 (u — 73;)|
+ 2z (s){e\p {a (s) (s)zi(s —03) +j:§#101(5)7dz1(3> +I](57T1j)} 4 (“,
n *(g o + M;Bi(u)b;(u)|z;(u—0;) — 2} (u—0;)| 5. ¥
— e [a(e) ~ @i —a) + 3 eyl BBl (u=) =00l Wy
Gt e By a simple calculation, we can obtain
Using the Mean Value Theorem, we get o e gl Tg) k), o
[zi(s+1) — zi (s + 1)] — [zi(s) — 2} (s)] AVaalk) = m‘%(ﬁ)*l‘ﬂk”* dij(k) ’l (k= ‘11)711(;\7‘1‘7)‘
. . . . N . ) j=1g#i 7 " J=1#i
o _ : — bi(s)zt (s — . GE@—hgh |
= [zi(s) 1.(5)]Az(s)[al(S) bi(s)x; (s UT)+F§#LCU(S)d,J(S)J+T}(S*Tu)] +{_4,(1.-]ia,(].-)+_\[,b,(k) + Z \[J;"(}\] |zi(k) = 25 (k)|
i - z;(s — Tij) — =} (sz”) =
+ll(S)Bz(S)|:J:124¢1(’1J(S)dtj( >[d”( 5+ 2305 — i) dig(5) + 23 5 — 7] + MBi(k z ;']M ) =23k 7]
~be)(s =) = (s = )] s) e i
. + MiBy (k)b (k) |zs(k — 03) — 2 (k — ,>} bi(s
here A(s), Bi(s) are defined by (4.2). Then from (4.3)-(4.5), ) -Rt-al} >, Wl
. . - k-1
we can easily obtain (4.1). The proof is completed. > {4 (o) o) + M) + Z ” cu 20
u=k—o; J=1j#
Theo_r_em 4.1 Assume_ that _i_n system (1.1)_ with initial + M,Bi(u) Z ;-.J((z)”_rj(k . -
condition (1.2), there exist positive constants £;(i =1, 2, - - -, n) jotg#i
and n > 0 SUCh that —A\[,B,lu)b,(u))l',(u—0,)—1!‘(11—0,)‘} (4.12)
BiE~ Y BiFy=n i=12--.n, (6)  Thirdly, let
J=1,j#i n k-1 +Tij+0i 611(1+le)
where k)= M; Z v X bi(s)Bi(zH,-j)m;l.j(z)—l ‘()|
nMaeu j=1,j#il=k—7i; s=l4+7i;+1
E; = min{t!, %—b“}—a,\[(b“) B"—ob“u(aub%\f & N2 o ']) WoR LR
idw O +0M; Y ) bil8)Bi(l+00)bi(l + 0v)|2a(l) — x5 (D).
Hj:%(1+ajl\[]b;B]) (4.7) I=k—0; s=l+0i+1
- . Then we can derive
Then for any two positive solutions (x;(K), Xo(K), - - -, Xn(K)) sLu
* * * i initi i }\ i . b
and (_x_ 1(K), x*2(K), » X*n(K)) of system (1.1) with initial Ay, =, Z Ak +75) ‘Jk_:?;‘ ) -k Y bi(s)
condition (1.2), we have j=Lii 3 s=k7ij+1
n k+oi
lim (z}(k) —zi(k)) =0, i=1,2,---,n. cij(k)
Jim (@ (k) — zi(k)) i n _MIB,(]\').Z dé(k gk = 7ig) — 2}k =7ig)| Y bils
Proof. Firstly, let g=lirt o b
. v+20;
Va(k) = |Inzi(k) - Inzi (k)]. + MiBi(k+aa)bi(k + i) zilk) — zi(R) ) bils)
From (4.1), we have that for k > 21, ki
k+40;
= MiBi(k)bi(k)|zilk — 03) — 2} (k= )| ) bils (4.13)
s=k+1
Now we set
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Vi(k) = Vit (k) + Via (k) + Vis(k), i =1,2,--- ,n.
Then from (4.8)-(4.13), we have that for k > ko+21 ,
1 P L T gt 3 Gl o e
8ik) < ~ (g~ [y 40 I,-(A)Hrz] d!j(kw)\ljm 23 (b)
n k+0;

A
+ AWk +Mbik) + Y [f(”
j=1,j#i 'J s:k 1

n

+M; Y Bi(k+my)

j=1g#i

kt7ijtoi

Cu(k-}-‘r”)
dij(k +735)

k420
+MiBilk+oi)bi(k+00) Y bils)|milk) -

s=k+0i+1

Now we define a Lyapunov-like discrete functional V (k) by
= Z BiVi(k)

It is easy to see that V(ko+2t)<+oo. Calculating the difference
of V(k) along the solution of system (1.1) with initial
condition (1.2), we have that for k > ko+2r

i =) ! 1
_\\L-\S—Z{1‘>(m7

— &)

s=k+7;;+1

= bi(K)[) = M:By(k + )bk + )

Zh(n

s=k+0i+1

Mjei;(k),

bi(s
(k) Z %
N BealktTi) o ulk+7 |‘7-"A"
25Cji\ v+ Tji) ji (1 Y
- Z 111,.11\'77,,)1 r z 5;M;B;(k + I (k+75 Zilh»""]}““'l‘"]t”““

j=lj# J J j=Lj#i ) ki

-A,(kr:rz,tl;)-.\ljb.\lzl - Z
J=1i#

M;c,

<-Y, {51 ‘{min{b‘:.% — b} — o M; (b)) By -n,bu;‘(a;‘ +HEM+ Y - ;; )

J=lj# -

- »371’](1A”_x-\/.‘"jfﬂfl}wz<k"—r,‘fk"\

= 72”{ B:E; — i 8;Fi;)|zi(k) — = (k)|

i=1 J=Li#i

n
< ﬂyz ]1’,\1\')7.1','\1” ’
i=1

where E; and F;; are defined by (4.7).
Then we have that

k k

Z Vp+1)-V(p)]<-n Z Z|z,

p=ko+27 p=ko+27 i=1
which implies
k n
Vk+1)+n Z Z |.rl(p) - .1',‘(1))| < V(ko+27).

p=ko+27 i=1
That is
V(ko + 27)
n ’

k n
Yo D |nle) — i) <

p=ko+27 i=1
and then

+o0 n r(1 o=
Z Z'Iz(}\') 71.?(]\‘)| & M < 400,

7
k=kop+271 i=1 1

n
which means that ; lim Y |zi(k) — z} (k)| = 0, that is
400,12

111‘11 (zi(k) —z;(k)) =0,
It means that (x;(K), X2(k), - - -, X,(K)) is globally attractive.
This completes the proof of Theorem 4.1.

pi=:1 Qe gy

V. ALMOST PERIODIC SOLUTION

In this section, we will study the existence of a globally
attractive almost periodic sequence solution of system (1.1)
with initial condition (1.2) by means of an almost periodic
functional hull theory and constructing a suitable Lyapunov
function, and obtain the sufficient conditions.

Let {0} be any integer valued sequence such that ., —o
as m—oo. According to Lemma 2.1, taking a subsequence if
necessary, we have

ai(k + 0m) — aj (k),bi(k + 6m) — b} (k) cij(k + 6m) — c;;(k), dij(k + 6m) —

di;(k), 4,5 =1,2,--- ,n,j #1i,asm — oo for k € Z.

Then we get a hull equation of system (1.1) as follows:

zi(k+1) = z;(k) exp {a (k) — b} (k)z:i(k — 03) +

Fg%l(‘ (A)ﬁ} i=1,2,---,n. (5.1)

By the almost periodic theory, we can conclude that if
system (1.1) satisfies (4.6), then the hull equation (5.1) of
system (1.1) also satisfies (4.6).

By Theorem 3.4 in [26], we can easily obtain the lemma as
follows.

Lemma 5.1 If each hull equation of system (1.1) has a
unique strictly positive solution, then the almost periodic
difference system (1.1) has a unique strictly positive almost
periodic solution.

Theorem 5.1 If the almost periodic difference system (1.1)
satisfies (4.6), then the almost periodic difference system (1.1)
admits a unique strictly positive almost periodic solution,
which is globally attractive.

Proof. By Lemma 5.1, we only need to prove that each hull
equation of system (1.1) has a unique globally attractive
almost periodic sequence solution; hence we firstly prove that
each hull equation of system (1.1) has at least one strictly
positive solution (the existence), and then we prove that each
hull equation of system (1.1) has a unique strictly positive
solution (the uniqueness).

Now we prove the existence of a strictly positive solution
of any hull equation (5.1). By the almost periodicity of {a*;
(K}, {b* (K}, {crj(k)} and {d+j(k)}, there exists an integer
valued sequence {1, } with t,,— o0 as m — oo such that a*; (K +
Tm) — a% (K), b (k + 1) — b*i (K), Crij(k + 1) — c*ij(K), d=(k
+ Tm) — d*ij(K), as m—oo for k € Z. Suppose that X(k) = (x,(K),

Xa(K), - - -, Xn(K)) is any solution of hull equation (5.1). By the
proof of Lemma 2.2 and 2.3, we have
m; < 1}\121{11}3 z;(k) < Ilnjitipl,(l.) <M;, i=12,---,n. (5.2)
And also

0<kiEan+r,-(l.’)g:;zrp+1'i(k)<x. §=1,2,~<+ .

Let € be an arbitrary small positive number. It from (5.2)
that there exists a positive integer ko such that mi—e<x;(k)< M;
+e,k>ko, 1=1,2,- -, n. Write Xp(k) = X(k + 1) = (Xgm(K),
Xom(K), - - -, Xam(K)), for all k > ko + T — 1n,m € Z*. We claim
that there exists a sequence {y;i(k)}, and a subsequence of {7y},
we still denote by {z} such that xjm(k) — yi(K), uniformly in k
on any finite subset B of Z as m—oo, where B = {a;, a,, . . .,
a}, an€2Z(h=1,2,...,p)andp is a finite number.

In fact, for any finite subset BcZ, when m is large enough,
Tmt+tan—™ko,h=1,2,...,p.S0

mi—e < zi(k+Tm) < M; +¢,

that is, {xi(k+t,)} are uniformly bounded for large enough m.

Now, for a; €B, we can choose a subsequence {1V, } of

{Tm} such that {x;(a;+t",)} uniformly converges on Z* for m
large enough.

Similarly, for a, € B, we can choose a subsequence {t%p, }
of {t, } such that {xi(a, + t®y, )} uniformly converges on Z*
for m large enough.

Repeating this procedure, for a, € B, we can choose a
subsequence {t®} of {t® .} such that {xia,+t )}
uniformly converges on Z* for m large enough.

=12, m,
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Now pick the sequence {t®;, } which is a subsequence of
{tm}, we still denote it as {t,}, then for all kE B, we have
Xi(k+tm)—yi(k) uniformly in k€ B, as m—o.

By the arbitrary of B, the conclusion is valid.

Combined with

Izm(k SE l) = Iim(k) exp {(1:(’\ =+ Tm) B b:(l\ + Tm)l‘im(k Z= Ui) +

Tij)}.

Yyl i) =)
< d;j(lt’+7111)+ﬂ'jr;z(l"_

=L
1=1,2,% ,;m,
gives
ek TR {a:(k) B (R)a(k — 03) +
SN y;(k — 745) :
Z GiR) s '] ‘] } p=1, 2w
iz (R) +ys(k —7i5)

We can easily see that Y (K) = (y1(K), y2(K), - - -, ya(K)) isa
solution of hull equation (5.1) and m;j— e <yi(k)< M; +¢,i =1,
2, -+ -,n, fork € Z. Since ¢ is an arbitrary small positive
number, it follows that m;< yi(k) <M;,i=1,2,---,n, fork €
Z, thatis

0 < inf y;(k) < supyi(k) <oo, i=1,2,--- n.
keZ kez

Hence each hull equation of almost periodic difference
system (1.1) has at least one strictly positive solution.

Now we prove the uniqueness of the strictly positive
solution of each hull equation (5.1). Suppose that the hull
equation (5.1) has two arbitrary strictly positive solutions
(x71(K), x*2(K), - - -, x*n(K)) @nd (y*1(K), y=2(K), - - y*a(K)).
Like in the proof of Theorem 4.1, we construct a Lyapunov
functional

Z Bi(Vii k) + Vialh) + Vis(k)), ke Z, (53)
where
Vi(k) = |Inz; (k) — Iny; (k)
n k—1 e ("-‘1-7' )

Vis(k) = GRS T Tij) | 8)—vyi(s

2( ) J=lzu':#is:k4'l,y d,j(s—i-Tu); J( J( )|

k—1+40; k-1 n 1”]61](“) . .
+ Z b;(s) Z {Ai(u)[a,‘(u)+!l[,-b,(u)+ Z d—(u)”I’(u)_yl(u)l

s=k u=s—0; j=lj#i Y

n

+M;Bi(w) Y SJE
j=1l,j#i

|7J(u —Tij) — y; (u— le)l
+ M; By (w)b; (u) |2} (u — 07) — yf (u — (r,)|},

l+Tij+0: (I-i— )
3> bi(9)B; z+T,J)uh

o E ORI

bi(s) Bi(l + 03)bs (1 + 03) |z (1) — w; (1)]-

l=k—0; s=l+0i+1
Calculating the difference of V*(k) along the solution of the
hull equation (5.1), like in the discussion of (4.14), one has

AV*(k) < nZ\T ) — ;i (

From (5.4), we can see that V*(Kk) is a non-increasing function
on Z. Summing both sides of the above inequalities from k to
0, we have
DI ACE
q=k i=1
Note that V+(k) is bounded. Hence we have
Z Z |z} (q) — i (

g=—c0 i=1

which implies that

keZ. (5.4)

<VH0)=V*(k+1), k<O0.

q)| < +o0,
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lim |z}(k) —y; (k)| =0, i=12--- ,n. (5.5)
k——cc

Define Q = iﬂiQi , Where

u

. Tt T | e ar(ar MBS “J )+ MBE( Y )]

J=1,j# ’j Jj=15#i ’j J=lj#i 4

+ Mob!Br( > ” s +o:bY),

J=1j#i ”

t= 152w s

Let € be an arbitrary small positive number. It follows from
(5.5) that there exists a positive integer K > 0 such that
lzx (k) —yr (k)| < 51 < —-K,i=1,2,--+ 1

Therefore, for k<—K,i=1,2,---,n

il 1 e
Vii(k) < —|zf(k) —yi (k)| < ——=,
08 < oot () =i ) < o5
2\ T £
Vi) < Y — ngg\l‘,(]))—y}(p)l
j=lg#i Y
+ o2t [.—1” + M;b} + Z ml\\l (p) — vl (p)
J=1,5#i i
+ M,;B} Z TmL\\l (p) —y; (p)| + M; B} b“ml‘(\r (p) —yf(p)}]
J=lj#i Y

ou

S{ Z": %ﬁ»a;’b;[él (a¥ + M;bY + Z +UB( Z d#+b;l)}}%'

J=1,j#i 4 j=1,j%#i U J=1,j#i W
I e ;
VA(K) < oMib{BYE S0 i ma o (p) — 3 ()] + Mi(on)2(08)* B max [ 9) — v ()|
j=lg#i T v
o el €
< ModtBY( 3D +oibi) -
j=lg#i i

It follows from (5.3) and above inequalities that
V*(k) < ;;3,-(91-(;2

so limV'(k)=0 . Note that V+(k) is a non-increasing
k——o0

=¢, k< K,

function on Z, and then V+(k)=0. That is x*; (K) =y* (k), i =1
2, - -+, n, for all keZ, Therefore, each hull equation of
system (1.1) has a unique strictly positive solution.

In view of the above discussion, any hull equation of
system (1.1) has a unique strictly positive solution. By Lemma
2.2-2.3 and Theorem 4.1, the almost periodic difference
system (1.1) has a unique strictly positive almost periodic
solution which is globally attractive. The proof is completed.

VI AN EXAMPLE AND NUMERICAL SIMULATION

In this section, we give the following example to check the
feasibility of our result.

Example Consider the following almost periodic discrete
Lotka-Volterra mutualism model with delays:

ry(k+1)= _rl{kit-xp{(]_l)‘_‘; + 0.005 sin(v2k) — (1.0075 — 0.0025 cos(v/3k))xy (k — 1)
e ro(k— 2
+(0.03 — 0.005 cos(V2k)) 2l = )
1.02 + 0.005 sin(v/2k) + x5 (k — 2)
—~ k—3)
+(0.02 + 0.006 sin(v/3k)) Eaifir i
1.03 + 0.005 cos(v/3k) + x3(k — 3)
ra(k + 1) = x2(k) exp {()_0:1.', + 0.005 cos(v/3k) — (1.0025 + 0.0015 sin(V2k)) 22 (k — 2)
- ey (k=1
+(0.02 — 0.004sin(v/3k)) ikl (6.1)
5.03 + 0.006 cos(V3k) + 21 (k= 1)
= (k—2)
+(0.025 + 0.005 cos(V/5k)) — 2
5.04 + 0.01sin(v2k) + z3(k — 2)
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za(k+1) = .l(;lkivxp{().l!?(j — 0.006 sin(v/5k) — (1.0035 + 0.0025 cos(v2k) )3 (k — 1)
ey (k-2
+(0.03 + 0.005 cos(V3k)) i (k = )
4.08 — 0.004 sin(v/3k) + zy (k — 2)
= ra(k—3
+(0.02 — 0.006sin(v/5k)) Zalk—3) !
1.06 + 0.008 cos(v2k) + x5 (k — 3)

By simple computation, we derive
M ~0.0261, M, ~0.0392, M; ~ 0.0283,
FEy ~0.0347, Fi2 = 0.0177, Fi3 =~ 0.0152,
E, =~ 0.0358, Fy ~0.0136, Fy; ~ 0.0168,
E3 2~ 0.0407, F3; 2~ 0.0145, F3, ~ 0.0183.
Then
E, — Fi5 — Fi3 ~0.0018 > 0.001,
Ey — Fy; — Fy3 = 0.0024 > 0.001,
E3 — F3; — F33 &~ 0.0021 > 0.001.
Also it is easy to see that the condition (4.6) is verified.
Therefore, system (6.1) has a unique strictly positive almost

periodic solution which is globally attractive. Our numerical
simulations support our results (see Figs.1-3).
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FIGUREL: Dynamic behavior of x(k) of system (6.1) with
the initial conditions (x;(K), X»(k), x3(k)) = (0.015, 0.019,
0.011) and (0.034,0.022,0.028), k=1, 2, 3,4 fork € [1, 100]
and k € [500, 550], respectively.
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FIGURE2: Dynamic behavior of x,(k) of system (6.1) with
the initial conditions (x;(K), X2(k), xs(k)) = (0.015, 0.019,
0.011) and (0.034,0.022,0.028), k=1, 2,3, 4 fork € [1, 100]
and k € [500, 550], respectively.
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FIGURE3: Dynamic behavior of x3(k) of system (6.1) with
the initial conditions (xi(k), X»(k), x3(k)) = (0.015, 0.019,
0.011) and (0.034, 0.022,0.028), k=1, 2, 3,4 fork € [1, 100]
and k € [500, 550], respectively.

ACKNOWLEDGEMENT

The authors declare that there is no conflict of interests
regarding the publication of this paper, and there are no
financial interest conflicts between the authors and the
commercial identity.

REFERENCES

[1] Hui Zhang, Yingqi Li, Bin Jing, Weizhou Zhao, Global stability of
almost periodic solution of multispecies mutualism system with time
delays and impulsive effects, Applied Mathematics and Computation,
232(2014)1138-1150.

[2] Yongzhi Liao, Tianwei Zhang, Almost Periodic Solutions of a Discrete
Mutualism Model with Variable Delays, Discrete Dynamics in Nature
and Society, Volume 2012, Article ID 742102, 27 pages.

[3] Hui Zhang, Yinggi Li, Bin Jing, Global attractivity and almost periodic
solution of a discrete mutualism model with delays, Mathematical
Methods in the Applied Sciences, 2013, DOI: 10.1002/mma.3039.

www.ijeart.com



International Journal of Engineering and Advanced Research Technology (IJEART)

[4] Zhong Li, Fengde Chen, Almost periodic solution of a discrete almost
periodic logistic equation, Mathematical and Computer Modelling,
50(2009)254-259.

[5] Yijie Wang, Periodic and almost periodic solutions of a nonlinear single
species discrete model with feedback control, Applied Mathematics and
Computation, 219(2013)5480-5496.

[6] Tianwei Zhang, Xiaorong Gan, Almost periodic solutions for a discrete
fishing model with feedback control and time delays, Commun
Nonlinear Sci Numer Simulat, 19(2014)150-163.

[7] Zengji Du, Yansen Lv, Permanence and almost periodic solution of a
Lotka—Volterra model with mutual interference and time delays, Applied
Mathematical Modelling, 37(2013)1054-1068.

[8] Li Wang, Mei Yu, Pengcheng Niu, Periodic solution and almost periodic
solution of impulsive Lasota-Wazewska model with multiple
time-varying delays, Computers and Mathematics with Applications,
64(2012)2383-2394.

[9] Bixiang Yang, Jianli Li, An almost periodic solution for an impulsive
two-species logarithmic population model with time-varying delay,
Mathematical and Computer Modelling, 55(2012)1963-1968.

[10] J.O. Alzabut, G.T. Stamovb, E. Sermutlu, Positive almost periodic
solutions for a delay logarithmic population model, Mathematical and
Computer Modelling, 53(2011)161-167.

[11] Qi Wang, Hongyan Zhang, Yue Wang, Existence and stability of
positive almost periodic solutions and periodic solutions for a
logarithmic population model, Nonlinear Analysis:theory Methods and
Applications, 72(2010)4384-4389.

[12] Zhong Li, Fengde Chen, Mengxin He, Almost periodic solutions of a
discrete Lotka-Volterra competition system with delays, Nonlinear
Analysis: Real World Applications, 12(2011)2344-2355.

[13] Yongkun Li, Tianwei Zhang, Yuan Ye, On the existence and stability of
a unique almost periodic sequence solution in discrete predator-prey
models with time delays, Applied Mathematical Modelling, 35(2011)
5448-5459.

[14] Tianwei Zhang, Xiaorong Gan, Almost periodic solutions for a discrete
fishing model with feedback control and time delays, Commun
Nonlinear Sci Numer Simulat, 19(2014)150-163.

[15] Fei Long, Positive almost periodic solution for a class of Nicholson’s
blowflies model with a linear harvesting term, Nonlinear Analysis: Real
World Applications, 13(2012)686-693.

[16] Xiaojie Lin, Zengji Du, Yansen Lv, Global asymptotic stability of
almost periodic solution for a multispecies competition predator system
with time delays, Applied Mathematics and Computation,
219(2013)4908-4923.

[17] Huisheng Ding, Juan J. Nieto, a new approach for positive almost
periodic solutions to a class of Nicholson’s blowflies model, Journal of
Computational and Applied Mathematics, 253(2013)249-254.

[18] Zengji Du, Yansen Lv, Permanence and almost periodic solution of a
Lotka—Volterra model with mutual interference and time delays, Applied
Mathematical Modelling, 37(2013)1054-1068.

[19] Lijuan Wang, Almost periodic solution for Nicholson’s blowflies model
with patch structure and linear harvesting terms, Applied
Mathematical Modelling, 37(2013)2153-2165.

[20] A.M. Fink, G. Seifert, Liapunov functions and almost periodic solutions
for almost periodic systems, J. Differential Equations, 5(1969)307-313.

[21] Y. Hamaya, Existence of an almost periodic solution in a difference
equation by Liapunov functions, Nonlinear Stud., 8(2001)373-379.

[22] Shunian Zhang, Existence of almost periodic solution for difference
systems, Ann. Differential Equations, 16(2000)184-206.

[23] R. Yuan, J. Hong, The existence of almost periodic solutions for a class
of differential equations with piecewise constant argument, Nonlinear
Anal., 28(1997)1439-2450.

[24] Fengde Chen, Permanence for the discrete mutualism model with time
delay, Mathematical and Computer Modelling, 47(2008)431-435.

[25] Yongzhi Liao, Tianwei Zhang, Almost Periodic Solutions of a Discrete
Mutualism Model with Variable Delays, Discrete Dynamics
in Nature and Society, Volume 2012, Article ID 742102, 27pages

[26] Shunian Zhang, G. Zheng, Almost periodic solutions of delay difference
systems, Appl. Math. Comput., 131(2002)497-516.

Hui Zhang is a lecturer of Xi’an Research Institute of High-tech
Hongging Town. His major is almost periodicity of continuous and discrete
dynamic system.

63

ISSN: 2454-9290, Volume-1, Issue-6, December 2015

www.ijeart.com



