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Abstract— New numerical results are generated for in — plane
compressive biaxial buckling which serve to quantify the effects
of lamination scheme on buckling loading. The results indicate
that the symmetric laminate is stiffer than the anti — symmetric
one. This phenomenon is caused by coupling between bending
and stretching which lowers the buckling loads of symmetric
laminate.

Index Terms— Lamination scheme, biaxial buckling, classical
laminated plate theory, finite element, Fortran program,
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I. INTRODUCTION

The motivation that led to the carrying out of the present study
has come from many years of studying classical laminated
plate theory (CLPT) and its analysis by the finite element (FE)
method, and also from the fact that there does not exist a
publication that contains a detailed coverage of classical
laminated plate theory and finite element method in one
volume. The present study is an attempt to fulfill the need for
a complete treatment of classical laminated theory of plates
and its solution by a numerical solution.

The material presented is intended to serve as a basis for a
critical study of the fundamentals of elasticity and several
branches of solid mechanics including advanced mechanics of
materials, theories of plates, composite materials and
numerical methods

The problem of critical buckling loads of laminated
composite plates is analyzed and solved using the energy
method which is formulated by a finite element model. In that
model, a four noded rectangular elements of a plate is
considered. Each element has three degrees of freedom at
each node. The degrees of freedom are the lateral
displacement w, and the rotations ¢ and i about the ¥ and x
axes respectively.

The effects of lamination scheme on the non — dimensional
critical buckling loads of laminated composite plates are
investigated.

The material chosen has the following properties:

E,/E, =5,10,20,25,40; Gy = Gy =G5 =

0.5E; ; v, = 0.25

Several numerical methods could be used in this study, but the
main ones are finite difference method (FDM), dynamic
relaxation coupled with finite difference method (DR) as is
shown in references [1] — [8], and finite element method
(FEM).

In the present work, a numerical method known as finite
element method (FEM) is used. It is a numerical procedure for
obtaining solutions to many of the problems encountered in
engineering analysis. It has two primary subdivisions. The
first utilizes discrete elements to obtain the joint

displacements and member forces of a structural framework.
The second uses the continuum elements to obtain
approximate solutions to heat transfer, fluid mechanics, and
solid mechanics problem. The formulation using the discrete
element is referred to as matrix analysis of structures and
yields results identical with the classical analysis of structural
frameworks. The second approach is the true finite element
method. It yields approximate values of the desired
parameters at specific points called nodes. A general finite
element computers program, however, is capable of solving
both types of problems and the name" finite element method"
is often used to denote both the discrete element and the
continuum element formulations.

The finite element method combines several mathematical
concepts to produce a system of linear and non — linear
equations. The number of equations is usually very large,
anywhere from 20 to 20,000 or more and requires the
computational power of the digital computer.

It is impossible to document the exact origin of the finite
element method because the basic concepts have evolved over
a period of 150 or more years. The method as we know it
today is an outgrowth of several papers published in the
1950™ that extended the matrix analysis of structures to
continuum bodies. The space exploration of the 1960"
provided money for basic research, which placed the method
of a firm mathematical foundation and stimulated the
development of multi — purpose computer programs that
implemented the method. The design of airplanes, unmanned
drones, missiles, space capsules, and the like, provided
application areas.

The finite element method (FEM) is a powerful numerical
method, which is used as a computational technique for the
solution of differential equations that arise in various fields
of engineering and applied sciences. The finite element
method is based on the concept that one can replace any
continuum by an assemblage of simply shaped elements,
called finite elements with well-defined force, displacement,
and material relationships. While one may not be able to
derive a closed — form solution for the continuum, one can
derive approximate solutions for the element assemblage
that replaces it. The approximate solutions or approximation
functions are often constructed using ideas from
interpolation theory, and hence they are also called
interpolation functions. For more details refer to References
[9], [10] and [11].

1. MATHEMATICAL FORMULATIONS

A. Introduction

Unlike homogeneous plates, where the coordinates are
chosen solely based on the plate shape, coordinates for
laminated plates should be chosen carefully. There are two
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main factors for the choice of the coordinate system. The first
factor is the shape of the plate. Where rectangular plates will
be best represented by the choice of rectangular (i.e.
Cartesian) coordinates. It will be relatively easy to represent
the boundaries of such plates with coordinates. The second
factor is the fiber orientation or orthotropic. If the fibers are
set straight within each lamina, then rectangular orthotropic
would result. It is possible to set the fibers in a radial and
circular fashion, which would result in circular orthotropic.
Indeed, the fibers can also be set in elliptical directions, which
would result in elliptical orthotropic.

The choice of the coordinate system is of critical importance
for laminated plates. This is because plates with rectangular
orthotropic could be set on rectangular, triangular, circular or
other boundaries. Composite materials with rectangular
orthotropic are the most popular, mainly because of their ease
in design and manufacturing. The equations that follow are
developed for materials with rectangular orthotropic.

Figure 1 shows the geometry of a plate with rectangular
orthotropic drawn in the Cartesian coordinates X, Y, and Z or
1, 2, and 3. The parameters used in such a plate are: (1) the
length in the X-direction, (a); (2) the length in the Y —
direction (i.e. breadth), (b); and (3) the length in the Z -
direction (i.e. thickness), (h).

Fig. 1 The geometry of a laminated composite plate

B. Fundamental equations of elasticity

Classical laminated plate theory (CLPT) is selected to
formulate the problem. Consider a thin plate of length a,
breadth b, and thickness h as shown in Fig. 2(a), subjected to
in—plane loads R,, Ry and R,y as shown in Fig. 2(b). The in—
plane displacements u {(x.¥.z) and ¥ (x.¥z) can be
expressed in terms of the out of plane displacement w (x, ¥]
as shown below:

The displacements are:

&li'r"
ule, v, z) = u lx,y) — o

vix.yz) = vlx.y) —zg )

wix, v.z) =w,(x,y)
Where u,, ¥, and w, are mid — plane displacements in the

direction of the x, ¥ and = axes respectively; =z is the
perpendicular distance from mid — plane to the layer plane.
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Fig. 2 A plate showing dimensions and deformations
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Fig. 3 Geometry of an n-layered laminate

The plate shown in Fig. 2(a) is constructed of an arbitrary
number of orthotropic layers bonded together as in Fig. 3.
The strains are: i
Au, Fw 1 (ﬂuJ )
== 9x “ax? 2\ex

d17, Fw 1 (B‘w]‘

"

=% oy T1\z

A, du, Blw  gBwy Bw
e ()
gy dxdy gdx £ gy S S

(2

}_ﬂx

The virtual strains:
a a* dw 8 h
- dx Big = '

g at dw 8

Ge,

J_Z‘
> F®

& & i
+ﬂxﬂ}-‘w+ﬂxwﬂy 4

(3

The virtual strain energy:
5 = J‘ GelodV (4)
-

But,
g=1_Ce
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Where,
€ =Cylij=1.26)

. 86U :f GeT € Ge dV (5)
.

If we neglect the in-plane displacements u, and =, and
considering only the linear terms in the strain — displacement
equations, we write:
ﬂ..
xt
ﬂ‘:
g = —=z < | dw (&)

2

dxdy

I1l. THE NUMERICAL METHOD

The finite element is used in this analysis as a numerical
method to predict the buckling loads and shape modes of
buckling of laminated rectangular plates [12] and [13]. In this
method of analysis, four — noded type of elements is chosen.

These elements are the four — noded bilinear rectangular

elements of a plate. Each element has three degrees of

freedom at each node. The degrees of freedom are the lateral

displacement (w), and the rotations () and () about the (X)

and (¥) axes respectively.

The finite element method is formulated by the energy

method. The numerical method can be summarized in the

following procedures:

1. The choice of the element and its shape functions.

2. Formulation of finite element model by the energy
approach to develop both element stiffness and
differential matrices.

3. Employment of the principles of non — dimensionality to
convert the element matrices to their non — dimensional
forms.

4. Assembly of both element stiffness and differential
matrices to obtain the corresponding global matrices.

5. Introduction of boundary conditions as required for the
plate edges.

6. Suitable software can be used to solve the problem.

For an n noded element, and 3 degrees of freedom at
each node.

Now express w in terms of the shape functions N (given in

Appendix (B)) and noded displacements &, equation (6) can

be written as:

fe = —zBSa® (7
Where, . i
BT _ [ﬂ" f'ir[ a- f'lur[ 5 i ;nir[]
gxt gy  Bxdy
and

N[af = [W[] i=1l.n

The stress — strain relation is:

g=CEe¢

Where £ are the material properties which could be written as
follows:

€11 Cpp Cyg
C=|C Cx Oy
i Cze Cgs

Where C;; are given in Appendix (A).
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5U = [ (B.8a° )7 (Cz?)Ba®dV
i
Where ¥ denotes volume.

SU = §aT J‘ BETDBafdx dy = 6a°T K% a® (8)
V

Where D;; =EE=1fzzLiifij-E: dZ is the bending stiffness,
and K® is the element stiffness matrix which could be written
as follows:

Kf = f ETDE dxdy (%)

The virtual work done by external forces can be expressed as
follows: Refer to Fig. 4.
Denoting the nonlinear part of strain by &&'

W = ﬂ GeTo'dV = J‘aff?ﬁ dxdy (10)
Where
NT =[N, N, N, ] =a[ax o, 7] dZ
Eﬁw 0 B
Se, —
ser=loe=| o Lowl|e 11
el oy ||3w o
v G] G dy
—odw —dow
y dx
N}’
Nx Nx
N}’
Fig. 4 External forces acting on an element
Hence,
fwitréd ad
ﬂ_ ﬂ_[’ﬁﬂ" EI ﬂ_[’ﬁﬂ" Jnirl-
x| |dx v
W = H aw u 3 ) 3 ) ;“:5- drdy  (12)
ay ay e N
This can be written as:
8 5 ’ w
= &w -
N, N,
5W = H o [NI N o ax ay 13
= &w ay Ay
gy W gy
Now w = N:af
aN;" aN;
e [z | [Ne Nyl|ox| .. .
dW = ba J‘f aﬂri [‘MII PJI ﬁ a” dx d_‘} {1‘1‘:]
dy dy
Substitute B, = =N, B, = =N,.F,, =—=N,,
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B;ﬂir[ B ﬂ;ﬂlur[
A — sT E P.It‘ Pi‘_].‘ dx g ;
oW = —da J‘f B‘N[ [ﬂ‘}- -Fi a.lnir[ a® dx d_‘} {15:]
dy dy

Therefore, equation (15) could be written in the following
form:

SW = —6a*T K% a® (16)
Where,
aN" aN;
dx B Bl ax
P = H [P }] dx dy
oNi| lp, B J|oN;| x>
dy dy

T s the differential stiffness matrix known also as geometric
stiffness matrix, initial stress matrix, and initial load matrix.
The total energy:

U+ 6W=10 (17
Since &a” is an arbitrary displacement which is not zero, then
K%a® — KPa* =10 (18

Now let us compute the elements stiffness and the differential
matrices.

K = ﬂ BTDE dx dy

[ ﬂ': 1nir|_ 1 [ ﬂ: 1nir|_ T
dxt dxl
N, | [Pe DPu Du]| a2w,
g = = n,. n.. D, - ;
K J] By? 12 D.. D.s 3y dx dy
gEN; | Ot T TR g,
2 2
L dxdy ] L dxdy ]
The elements stiffness matrix can be expressed as follows:
T T e AN T 0 T o A 2 T
KL:H Dn , .+D1_" 7 q 0 ] 31_5 , . ]
! GRS SV} S F O S dedy dx*  dx’ardy) oyt Ay

(afm[afmj ﬂ:N[ﬂ:Nj-) NﬂN]M 9
X

10, Pl A
0 iy By? 0y By s e
The elements differential stiffness matrix can be expressed as

follows;

K’D _ J‘J P ﬂ'Nl ENJ ﬂ'N ﬂN ﬂ"hr ﬂlnir] ﬂ'N ﬂ'N '}U
D) e e T oy ax " axay) oy oy (@0)

The integrals in equations (19) and (20) are given in

Appendix (C).

dxdy

The shape local co — ordinate for a 4 — noded element is
shown below in Fig. 5.

5

11}

{1 1)

(1,-1) L Ly

Fig. 5 A four noded element with local and global co —
ordinates

The shape functions for the 4 — noded element expressed in
global co — ordinates (x.¥) are as follows:
w = Nywy + Nogpy + Natpy + Nywy + Nogpz + Ny

+Nowy + Nopg + Notpg + Nygwy + Nyygpy + Nygily
Where,

dw dw
¢= dx ¥= gy

The shape functions in local co — ordinates are as follows:
Ni=ay +apr+ops+o,r +osrs+o5 + aiﬂ"! Tt s+ o rs”
+0;05° + 8y 775 + @y, 7s”

Anlr P =

1y, - STRU SR gl
=gy T T T S T OprT T TS T ST T ot T ap TS T apts

3
tajp5° +

E e
Biy3 75 + By 7S

The integrals of the shape functions in local co — ordinates
are as follows:

ﬂ'ﬂ' N; i N
| P
7]

dr?

& N;
H PR drds—lﬁ[ulﬁ_u5+ Gigls T 30110 Qing T Gins ul]
(80

1
= drds =16 By 0 + 3057057 + 050052 -I-le_ﬂ.u]

3

42

e
q_ﬂﬂ 2 gy

H‘ IN; 8° N;
Br? Brds

d?" ds = lﬁ[ﬂ-uﬂ-s + o Gy + Gigliap + Qi1 Gy g ]

Ldrds= 15[%@4 T @ity T Gjp Gip T G2 Gy n]

rds—E[nun5+gmg11+7gl e + Gigiys
+ 3 ﬂ-lgﬂ- |;|:|
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taja J'4
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= .H ﬂ I fgras drds=8 [”‘isﬂjs + 45 Q1 +§ u'l"?”'_i'se]
g% N; 8* N; 2
ﬂ"r‘ drds=8 [E'l'E*E'.i'E* + EaiB s T aiu_ﬂ-_i's.]
IN; 8° N

3rds drds drds =4 [ﬂis Ojs + 050y + 3 izl + 055051
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4

9
+§ gl + Gy gy g + Gyafyyy + 5 Biy7 a_i-,_:]
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Taj7 05 T G5 s T Qg T G50y T O T

rds =4

1
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1
+2agpa5) + s (2aggajy + 3a590 855 + 3aeay; + 2agy, ﬂj‘:t]]

The values of the integrals are converted from local co —
ordinate (+. 5) to global co — ordinates.

The integrals of the shape functions in global co —
ordinates are as follows:

J‘J‘ ﬂ“N BN P =l-h. ] dn?h

dx? dx dxdy = h2 4= ma® 1
J‘f N 8* N v ‘l-h.x) dam?

= a} Bj.‘ ¥ hZ 4z = 1 b3 4z

ﬂ‘ 8% N; 8* N;
N RFPE yi
J] *N; 8 N;

gyt dx?

B =
"
H&m&mdd (ﬂ in?
5 7)) 3t dady rar= h2 9 = g2 s
Hfmfmdd ﬂ 4n?
(e Bxdy Bt FEY T\ T e

G
#N; 8N, 4 4m?
" =JI — dxd}r: — ;= — g7

gy? dxdy ks o’
H NN (+ 4m?
B = ooz BXAY =\ 7 [fe = 7 0
dxdy 8y hy b

ﬂ‘ 8% N; H':NJ.- e d 4 ) dmn
K dxdy dxdy ray= h, h, e = ab s

o = 3 Bx ray = h, 10 = amﬁ'm
aN; aN; hy am
iy = _H dy ay dx dy = E 411 = Eﬁ'u

J‘f aN; 8N;
1z T dx dy

2 T dy dx

In the previous equations h, = Eand hy,

are the lengths of the plate along the x — and v — axis
respectively. n and m are the number of elements in the x —
and y — directions respectively.

The elements of the stiffness matrix and the differential
matrix can be written as follows:

Kij = Dyyry + Dygvy + 2Dy + Dy + Dygmy + 2Dggvy + 2Dy + 2Dy +4Dg575

dx dy = g3

B
= where @ and b

Hf.' =By + Ry (g +m2) + B
or in the non — dimensional form:

4n? /b _
Kj=— ” ( ] Dyqy + 4"“’”(5)51 gs +4n°Dygqs + 4mn (5) Dy1q5
++ﬂi(§) D,.q, +4m? G): Dypge + 4n*Dygqs + 4m* G): Dag g5
Gy
+4mn (E) Deeqe

n b N _ M o
K2 =R (D) oo+ Byt ad + B () 0
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where

_ 1 _ o
D[j':(ﬁ] I’:Il'_i"' F: :(Elh!]*pt

The transformed stiffnesses are as follows:

Cyy = Clyc® +26%5%(C, + 2CL) + Cip5*

€z = 625%(C)y + Cop + 4C5) + € (c* + 5%)
Cie = cslCyyc* + Chps? — (€5 +2C5)(c* — 57]]
€y = Ciys* + 263830, + 2C5) + Copc®

Cop = eslC],5% — Cope? — (€15 + 2C; e — 57]]

Cop = (Cis + Ca2— 2C{5)c%s™ + Cle® — 570
Where

E,

Cl,=———

1 Vya¥ay

Vqy E. ¥y E.
C{: — 21 =1 — 12 =1
1-wvpvy  1—vvy

cl = =

Tl - wavy
Cdr_-‘l. = g3 . Cé,s, = Gj_! and Céﬁ = Gj_:
E; and E; are the elastic moduli in the direction of the fiber

and the transverse directions respectively, 1 is the Poisson's
ratio. &y7, Gyz, and G5 are the shear moduli in the x - ¥

plane, ¥ - z plane, and x - z plane respectively, and the
subscripts 1 and 2 refer to the direction of fiber and the
transverse direction respectively.

IV. THE NUMERICAL METHOD

In the present analysis the lamination scheme of plates is
supposed to be symmetric, anti — symmetric and quasi —
isotropic.

Four lamination schemes were considered which are
symmetric and anti — symmetric cross — ply and angle — ply
laminates. Table 1 gives a comparison between the non —
dimensional buckling loads for all lamination schemes. The
results are shown graphically in Fig. 6. The thickness of all
layers is assumed equal, the length to thickness ratio
(z/h = 20), and the modulus ratio (E; /E; = 3). It is noticed
from Table 1 and Fig.s 6, 7 and 8 that the values of the non —
dimensional buckling loads for both symmetric and anti —
symmetric lamination are slightly different, except for
symmetric and anti — symmetric angle — ply laminates which
are exactly the same. Because of this fact, the rest of the
upcoming effects will be discussed for symmetric case only.
The results indicate that the symmetric laminate is stiffer than
the anti — symmetric one. This phenomenon is caused by
coupling between bending and stretching which lowers the
buckling loads of symmetric laminate.

Table 1 The first five non — dimensional buckling loads

P = Pa?/E, h* of symmetric cross — ply (0/ 90/ 90/ 0) and
anti — symmetric cross — ply (0/ 90/ 0/ 90), and symmetric
angle — ply (45/ -45/ -45/ 45) and anti — symmetric angle — ply
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(45/ -45/ 45/ -45) laminated plates with a /h = 20, and

E\JE; =5
Lamination Mode Boundary Conditions
Scheme Number [ ss cC cS
1 0.6972 2.1994 1.8225
2 1.2522 2.5842 2.0097
0/ 90/ 90/ 0 3 2.4284 4.1609 2.7116
4 2.6907 4,7431 4.3034
5 2.7346 5.0168 4.4536
1 0.6973 2.2273 1.5591
2 1.9947 3.9687 2.3391
0/ 90/ 0/ 90 3 1.9958 3.9732 3.7581
4 2.6912 47871 3.8290
5 4.3962 7.0544 4.5402
1 0.8729 1.9505 1.4756
2 1.6400 2.8534 2.1162
45/-45/-45/45 3 2.3130 3.8941 3.3039
4 2.7100 4.3753 3.3068
5 3.5488 5.2694 4.4166
1 0.8729 2.2010 1.6554
2 1.6400 3.7616 2.5672
45/-45/45/-45 3 2.3130 3.7654 3.4642
4 2.7100 5.6599 42174
5 3.5488 5.9540 4.8091
4.5 4 .
404 —=— 551
] —e—SS2
3.5 - SS3 *
] —v—SS4
& 3.0
3
N 25 ; -
]
% 2.0 . o
g |
1.5
1.0
0.5 -

5.0
45 ]
] —=—CS1
4.0 - —e—(CS2
K ] cs3 o
g 354 —v—CS4
[N}
%
£ 3.0
=
< ]
=
R 25
)
2.0 e
i | |
1.5
1.0 T . : . . ; : . :
1 2 3 4 5

Mode Number
Fig. 8 Effect of lamination scheme for clamped — simply
supported laminates

Tables 2 and 3 show the buckling load of quasi — isotropic
rectangular composite plate with a/h =20, a/b =1 and
different modulus ratios (E;/E; = 40 and 3). The buckling
load is highly influenced by its boundary conditions. The
buckling load of the quasi — isotropic (0/+45/-45/90)
rectangular composite plate with CC type boundary condition
is 1.5 times higher than the buckling load of the composite
plate with CS type boundary condition and more than 3 times
of SS type boundary condition.

Table 2 The first three non — dimensional buckling loads of
quasi — isotropic (0/+45/-45/90) laminated plates with
a/h=20, and E; /E; = 40

T
1

7.5
7.0 ]
6.5 ]
6.0 ]
5.5 ]
5.0 ]
4.5 ]

4.0

Buckling Loads

3.5
3.0
2.5

2.0

1.5 r

T
2

Mode Number

Fig. 6 Effect of lamination scheme for simply supported

T
3

laminates

—=—CC1
—e—CC2
ccs

—v—CC4

e
-

T
4

T
5

Mode Boundary Conditions

Number SS cC CS

1 0.4905 1.6878 1.1683
2 1.4842 3.0187 1.7359
3 1.4850 3.0229 2.7673

Table 3 The first three non — dimensional buckling load of
quasi — isotropic (0/+45/-45/90) laminated plates with
a/h=20, and E; /E; = 5

Mode Boundary Conditions

Number SS CcC CS

1 0.7338 2.2255 15717
2 2.0202 3.9506 2.3714
3 2.0214 3.9549 3.7214

1

T
2

T
3

Mode Number

Fig. 7 Effect of lamination scheme for clamped — clamped

laminates

T
4

T
5

V. CONCLUSIONS

A Fortran program based on finite elements (FE) has been
developed for buckling analysis of thin rectangular laminated
decks plates using classical laminated plate theory (CLPT).
The problem of buckling loads of generally layered composite
plates has been studied. The problem is analyzed and solved
using the energy approach, which is formulated by a finite
element model. In this method, quadrilateral elements are
applied utilizing a four noded model. Each element has three
degrees of freedom at each node. The degrees of freedom are:
lateral displacement (w), and rotation (@) and () about the x
and ¥ axes respectively. The finite element model has been
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formulated to compute the buckling loads of laminated plates
with rectangular cross — section and to study the effects of
lamination scheme on the non — dimensional critical buckling
loads of laminated composite plates. New results have been
presented. These results show that the symmetric laminate is
stiffer than the anti — symmetric one. This phenomenon is
caused by coupling between bending and stretching which
lowers the buckling loads of symmetric laminate.
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