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On the notions of continuity and compactness in a
fuzzy sequential topological space
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Abstract— This communication offers a study of continuous
functions and two kinds of compactness in fuzzy sequential
topological spaces. Behaviour of the product of compact spaces
and some characterizations of continuous functions are also
studied.

Index Terms—Fuzzy sequential topological space, fs-compact
space, fs-continuous function, Qfs-compact space.

I. INTRODUCTION

Following the introduction of fuzzy sets by L. A. Zadeh
[6], several authors studied various notions of fuzzy
topological spaces. Among them, one of the most studied
topics is compactness. Fuzzy compact spaces were first
studied by C. L. Chang [1] in 1968 and then different kinds
of fuzzy compactness were studied by various authors like
J.A. Goguen [3], R. Lowen [13, 14], T.E. Gantner, R.C.
Steinlage and R.H. Warren [16], Wang Guojun [17],
Gunther Jager [2] etc. and they were compared in detail by
R. Lowen [15].

Here we present a development of fuzzy sequential
topology which includes the introduction and study of the
concepts of continuous functions and compact spaces.
Section 1 gives an introduction to the work, Section 2 deals
with the study of continuous functions, where both nbds and
Q-nbds have been used to characterize it and Section 3 deals
with the notion of compactness, where two types of
compactness have been discussed.

We begin with some useful definitions and results from
[8] and [12] as ready references. [8] A sequence of fuzzy
sets in X is called a fuzzy sequential set or an fs-set in X. We
denote the fs-sets by the symbols A¢(s), Bf(s), Cs(s) etc.
and the unit interval [0, 1] by I. For each n € N, A} denotes
the nt" term or component of an fs-set Ar(s). Let Ag(s) and
Br(s) be fuzzy sequential sets or fs-sets in X, then we
define
(i) As(s) V Br(s) = {Af V Bf'},, (union),

(i) Af(s) A B(s) = {A} A Bf'},, (intersection),

(iii) As(s) < Bs(s) ifand only if A? < Bf* foralln € N,
(iv) Ar(s) <,, Bs(s) if and only if there exists n € N such
that A} < B},

(V) As(s) = Bs(s) ifand only if Af = Bf foralln € N,

(Vi) A7 ($)(x) = {A} ()}, X € X.

(vii) As(s)(x) =y 7 if and only if AF(x) =7, forallne
M, where r = {r,},, is a sequence in I. In particular, if
M = N,we write As(s)(x) =,

(viii) X}(s) = {X{'}n, where [ €1 and X¢'(x) =1 for all
x € X, n €N,

(iX) (Ap(s)) = {1 — A} = {(A)}n, called complement
of As(s),

(x) A fuzzy sequential set Pr(s) = {P'}, is called a fuzzy
sequential point (fs-point) if there exists x € X and a non-
zero sequence r = {r,}, in I such that

PI(t) =m,,ift =x
=0, ifte X —{x}, foralln € N.

If M be the collection of all n € N such that ,, # 0, then we
can write the above expression as

P¢'(x) = 1, , whenever n € M,
=0, whenevern € N — M.

The point x is called the support, M is called the base and r
is called the sequential grade of membership of x in the
fuzzy sequential point Pr(s) and we write Pr(s) = (p}";, ).
If further, M = {n},n € N, then the fuzzy sequential point
is called a simple fuzzy sequential point and it is denoted by
(Pfr ). A fuzzy sequential point is called complete if its
base is the set of natural numbers. A fuzzy sequential point
Pr(s) = (pfi,7) is said to belong to A,(s) if and only if
Pr(s) < Ag(s) and we write Pr(s) € Ag(s). It is said to
belong weakly to Ar(s), symbolically Ps(s) €,, As(s), if
and only if there exists n € M such that p¢ (x) < A7 (x).

A family §(s) of fuzzy sequential sets on a non-empty
set X satisfying the properties

(i) Xf(s) € 6(s) forr = Oand 1,

(i) As(s), Br(s) € 6(s) = As(s) ABs(s) € 6(s) and

(i) For any family {A;(s) € 6(s),j € J}, Vje; Ajr(s) €
5(s),
is called a fuzzy sequential topology (FST) on X and the
ordered pair (X, 6(s)) is called a fuzzy sequential
topological space (FSTS). The members of §(s) are called
open fuzzy sequential sets or fs-open sets. Complement of
an open fuzzy sequential set is called a closed fuzzy
sequential set or fs-closed set.

If (X, §(s)) be an FSTS, then (X, §,) is a fuzzy
topological space (FTS), where &, = {Af; A(s) € 8(s)},
n € N. (X,68,), wheren € N, is called the nt* component
FTS of the FSTS (X, 6(s)). If A¢(s) be an fs-open (fs-
closed) set in (X, &(s)), then for each n € N, Af is an open
(closed) fuzzy setin (X, &,,). Also, if & be a fuzzy topology
(FT) on a set X, then &N forms an FST on X.
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[12] Two fuzzy sequential points (fs-points) Pr(s) =
(pft.r) and Q;(s) = (pf,.t) are said to be identical if
x =y, M = N and r = t; otherwise they are distinct. A
set M © N is said to be base of an fs-set Us(s) if Uf" # 0
vn € M and Uf =0 Vn € N — M. An fs-set B(s) (having
base N) is said to be completely contained in an fs-set A¢(s)
(having base M) if M = Nand B < A¢ for all n € N. An
fs-set Bs(s) (having base N) is said to be totally reduced
from an fs-set Aq(s) (having base M) if NcM and
Bft < A¢ for all n € N. Two fs-sets Af(s) and B(s) are
said to be partially quasi-discoincident if Az and B are
strong quasi-discoincident for somen € N. An FSTS
(X, 6(s)) is said to be fs-Hausdorff space or fs-T, space iff
for any two distinct fs-points Py(s) = (pf,r) and
Qs(s) = (pf,.t), none of which is completely contained in
the other, 3 fs-open sets U (s) and V¢(s) in (X, 6(s)) such
that

Pr(8)aM=NU:(s), Q7 (8)qw Vs (s), Pr(s)G = Vi (s),
Qf(s)c_lw Uf(s):

whenever Qf(s) is a totally reduced fs-point from P, (s);
otherwise

Pf(s)quf(S)l Qf(S)QWV}‘(S)I Pf(s)qw m’
Qr($)qw Ur(s).

An FSTS (X, §(s)) is said to be fs-normal iff for any two
partially quasi-discoincident non-zero fs-closed sets Af(s)
and B¢ (s) (having the respective bases M and N and none of
which is completely contained in the other), 3 fs-open sets
Ur(s) and V¢ (s) in (X, &(s)) such that

Ar($)aiy ™V Us (5), Br()quVr (s), Ap(s) <M~ (V;(5)),
B (s) < (Up(s))",

whenever B (s) is totally reduced from Af(s); otherwise

Ar()qwUr (8), By (8)qw Vs (), Ap(s) < (V: (D),

Throughout the paper, X will denote a non-empty set. In
this article, we use Chang’s definition of fuzzy topology and
fuzzy compactness [1].

Il. FS-CONTINUITY

Let g: X - Y be a map. For A¢(s) € (I*)V and B;(s) €
(IMN, g(4s(s)) is an fs-set in Y, defined by

{Supxeg_l(y)A}l(x)}n if g_l(J’) * ¢

g (Af(s)) ) = { XX if g7t ) =¢

where y € Y and g~ (B;(s) ) is an fs-set in X, defined by
97 (B/() @) = B ()9 v e X.

If A¢(s), Br(s) € (I*)N and C;(s), Dp(s) € (IMV, then it is
seen that,

() 9 (4¢()) = (g{AT D -

(i) g7 () = {g7 (¢} -

(iii) A¢(s)qu Br(s) if and only if g(Af(s))qwg (B (s)).

(iv) Cr(s)qwDs(s) at some point y € Y such that g='(y) #
¢ ifand only if g7 (C;(5)) qw g7 (D ().

Theorem 2.1 Let g : X — Y be a map. For A¢(s), Bs(s) €
()N and C¢(s), Dp(s) € (IMY,

() 97 ((Cr (D)) = (g7 (G (N

(i) (9Ar())) < g((Ar(s)))(y) Yy €Y such that
g7 M = ¢ and (gAr(9)))° = g((Af(s))9) if g is
bijective.

(i) Ap(s) < Bp(s) = g(Ap(s)) < g(By(5)).

(iv) Cr(s) < Dp(s) = g7H(Cr()) < g7 (Dp(s)):

() g(97(Cr(s))) < Cs(s) and the equality holds if g is
onto.

(vi) Ar(s) < g7 (g(4(s))) and the equality holds if g is
one-one.

(vii) If h:Y — Z be another map, then (hog) ™" (G¢(s)) =
g7 (h™1(Gs(s)) for any fs-set G¢(s) in Z, where hog is the
composition of h and g.

Proof. Proof is omitted.

Definition 2.1 A map g from an FSTS (X, 6(s)) to an
FSTS (Y, n(s)) is called fs-continuous if g='(Bf(s)) is an
fs-open set in (X, 8(s)) for every fs-open set B(s) in
¥, n(s)).

Definition 2.2 Fuzzy sequential sets X}(s) (L€, in a set
X, are called constant fs-sets.

Definition 2.3 An fs-set is called a component constant fs-
set if its each component is a constant fuzzy set.

Clearly, each constant fs-set is component constant.

Remark 2.1 A constant function from an FSTS to another
FSTS, may not be fs-continuous, as shown by Example 2.1.

Example 2.1 Let (X, 6(s)) and (Y, n(s)) be two fuzzy
sequential topological spaces, where X be any set, §(s) =
XP(s), XF ()} Y = [0,1], ¥(s) = (Y2 (s), Y/ (s), {idy}n}-
Defineg: X - Y by

gx) =% forall x € X.

Here, g is a constant function but not fs-continuous.

Theorem 2.2 If every constant function from an FSTS
(X, 5(s)) to any other FSTS is fs-continuous, then &(s)
must contain all the constant fs-sets.

Proof. Proof is simple and hence omitted.

Remark 2.2 Unlike in case of fuzzy topological spaces, the

converse of Theorem 2.2 may not true, as shown by
Example 2.2.
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Example 2.2 Let (X, §(s)) and (Y, n(s)) be two fuzzy
sequential topological spaces, where X be any set, §(s) =

KFs)r e,y = [0,1], y(s) = (12(s), Y (5), Gr(s))}

with GIZ‘ =L forn odd G}‘ =1 forn even.
3 4

Defineg: X > Y by
gx) =% forall x € X.

Though §(s) contains all the constant fs-sets, the constant
function g is not fs-continuous.

Theorem 2.3 Every constant function from an FSTS
(X, 6(s)) to any other FSTS is fs-continuous if and only if
& (s) contains all the component constant fs-sets.

Proof. Proof is discarded.

Theorem 24 1fg: X > Y and h: Y — Z be fs-continuous
functions, then hog is an fs-continuous function from X to
Z.

Proof. The proof is straightforward.

Theorem 2.5 Let g: (X, 6(s)) - (Y, n(s)) be a map.
Then the following conditions are equivalent:

(i) g is fs-continuous.

(ii) For each fs-set A¢(s) in X, g(A;(s)) < g(Af(s)).

(iii) The inverse image of every fs-closed set under g is fs-
closed.

(iv) For each fs-set A(s) in X, the g inverse of every nbd
of g(Af(s)) is anbd of A(s).

(v) For each fs-set Af(s) in X and each nbd Vy(s) of
g(As(s)), there exists a nbd We(s) of Ar(s) such that
gW;(5)) < V().

(vi) For each fs-set A¢(s) in X, the g inverse of every weak
Q-nbd of g(As(s)) is aweak Q-nbd of As(s).

(i) g~ (Ar(5)) < g7 (4;(s)) for all A¢(s) € (I*)N.
Proof. (i) = (ii) Let A¢(s) be an fs-set in X and Pr(s) €
A¢(s) be a fuzzy sequential point. So g(P;(s)) € g(As(s)).
Let V;(s) be a weak Q-nbd of g(P(s)). So g™*(Vs(s)) isa
weak Q-nbd of P;(s) and hence g~*(V;(s))qy Ar(s). This
implies V¢(s)q,, g(As(s)) and the result follows.

(it) = (iii) Let Bf(s) be an fs-closed set in Y and let
Ar(s) =g‘1(Bf(s)). Consider a fuzzy sequential point
Pr(s) € A;(s). Then g (P(s)) € g(4; () < g (4,(s)) <

Bs(s) = B(s) so that Pr(s) € g~'(Bs(s)). Hence the
result.

(iii) = (i) is straightforward.

(i) = (iv) Let V¢(s) be a nbd of g(As(s)). So there exists
an fs-open set W;(s) in (¥, n(s)) such that

g(As(s)) < We(s) < V¢ (s).
Then, g=* (W (s)) isan fs-open setin (X, 6(s)) such that

Ap(s) < g7 (Wr()) < g7 (V5 ().
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Hence, g~ (V¢ (s)) is a nbd of A,(s).
(iv) = (i) Let Bf(s) be an fs-open set in Y and let a fuzzy
sequential point P;(s) € g~'(Bf(s)). Then g(P(s)) €
Bs(s). By (iv), g~*(B(s)) is a nbd of P¢(s) and thus there
exists an fs-open set O¢(s) in X such that P(s) € Of(s) <
971 (Bs(s)). Hence the result.
(iv) = (v) and (v) = (iv) are easy to check.

(i) = (vi) Let Vi(s) be a weak Q-nbd of g(As(s)). So
there exists an fs-open set O (s) in (Y, n(s)) such that

9(4¢()) qu 07(5) < V;(s).
Then, g=1(0,(s)) is an fs-open set in (X, &(s)) such that
Ar(8)qw 971 (0 (s)) < g7 (V5 (5)).
Hence, g~ (V¢ (s)) is a weak Q-nbd of A (s).

(vi) = (i),

straightforward.

(i) = (vii) and (vii) = (iii)  are

Definition 2.4 A mapping g from an FSTS (X, &(s)) to an
FSTS (Y, n(s)) is called an fs-open map if the image of an
fs-open set in (X, &(s)) is an fs-open setin (¥, n(s)).

Definition 2.5 A mapping g from an FSTS (X, &(s)) to an
FSTS (Y, n(s)) is called an fs-closed map if the image of
an fs-closed set in (X, §(s)) is an fs-closed set in (Y,

1(s)).

Definition 2.6 A map g from an FSTS (X, &(s)) to an
FSTS (Y, n(s)), is called an fs-homeomorphism if g is
bijective, g and g~! are both fs-continuous. Further, two
fuzzy sequential topological spaces are said to be fs-
homeomorphic if there exists an fs-homeomorphism
between them.

Theorem 2.6 A bijective map g from an FSTS (X, 8(s)) to
an FSTS (Y, n(s)) is fs-open if and only if it is fs-closed.
Proof. Proof is obvious.

Theorem 2.7 (i) Let g : (X, 6(s)) = (¥, n(s)) be an fs-
closed map. Given any Bs(s) € (IM)N and any fs-open set
Ur(s) in (X, 8(s)) containing g~ (B;(s)), there exists an
fs-open set V;(s) in (¥, n(s)) containing B, (s) such that
97 (Ve (s)) < Up(s).

(i) Let g: (X, 8(s)) - (Y, n(s)) be an fs-open map.
Given any B(s) € (I")N and any fs-closed set Us(s) in
(X, 8(s)) containing g=*(B;(s)), there exists an fs-closed
set Vs (s) in (Y, n(s)) containing By(s) such that

97 (Ve (s)) < Up(s).

Proof. In both (i) and (ii), if we take Vy(s) = Y/ (s) —
g(X}(s) — Us(s)), we are done.
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Now, we characterize fs-open maps, fs-closed maps and
fs-homeomorphisms stating some theorems (Theorem 2.8 to
Theorem 2.12), without proofs as the proofs are simple and
straightforward.

Theorem 2.8 Let g be a function from an FSTS (X, §(s))
to an FSTS (Y, n(s)), then the following conditions are
equivalent:

(i) g is fs-open.

(i) g((Ap())°) < (g(Ar(s))) © forall A¢(s) € (I)N.
(iii) For each fs-set A¢(s) in X, the g image of every nbd of
Ar(s) isanbd of g(4,(s)).

Theorem 2.9 Let g be a function from an FSTS (X, §(s))
to an FSTS (Y, n(s)), then the following conditions are
equivalent:

(i) g is fs-closed.

(i) g(Ar(s)) < g(Ar(s)) forall A¢(s) € (I*)V.

Theorem 2.10 If g : (X, 8(s)) = (Y, n(s)) be a bijective
map, then the following conditions are equivalent:

(i) g is an fs-homeomorphism.

(i) g is fs-continuous and fs-open.

(iit) g is fs-continuous and fs-closed

(iv) For each fs-set A¢(s) in X, g(A;(s)) = g(As(s)).

Theorem 2.11 Two fuzzy topological spaces (X, §) and
(Y, n) are homeomorphic to each other if and only if
(X, Y)Y and (v, V) are fs-homeomorphic.

Theorem 2.12 If an FSTS (X, &(s)) is fs-homeomorphic to
an FSTS (Y, n(s)), then the component fuzzy topologies of
(X, 8(s)) are homeomorphic to the corresponding
component fuzzy topologies of (Y, 7n(s)).

Converse of Theorem 2.12 may not be true, which is
shown by Example 3.1 in our next section.

Theorem 2.13 Let g : (X, 8(s)) - (Y, n(s)) be an fs-
closed bijection. If (X, §(s)) is fs-Hausdorff, so is (Y,
n(s)).

Proof. Let Pr(s) = (pfi,7) and Qs(s) = (p},.t) be any
two distinct fs-points in Y, none of which is completely
contained in the other. Then g~*(P(s)) = P's(s) (say) and
971(Qf(s)) = Q"¢ (s) (say) are distinct fs-points in X, with
the respective bases M and N and none of which is
completely contained in the other and thus there exist Uy (s),
V¢ (s) € 6(s) such that

" ($)aNUA(S), Q' () qu Vi (s), P'r ()N Vi (s),
Q’f(S)QW Uf(s):

whenever Q’f(s) is a totally reduced fs-point from P’,(s);
otherwise

P'e(8)quUr(s), Q' () qu Vs (s), P's () Vs (s),
Q'r()qw Us ().

If we take U's(s) = g(Us(s)) and V's(s) = g(V¢(s)), then
U't(s), V's(s) € n(s) such that

Pe(8)qu MU' £ (), Qp(8)qw V' (s), Pr(s)qyy N V5 (5),
Qf(s)qw U’f(S),

whenever Q,(s) is a totally reduced fs-point from P.(s);
otherwise

Pf(S)qWU’f(S)I Qf(s)QWV’f(S)! Pf(s)c_lw V’f(S),
Qr()qu U's (s).

Hence the theorem.

Theorem 2.14 Let g : (X, 8(s)) - (Y, n(s)) be an fs-
closed and an fs-continuous bijection. If (X, 8(s)) is fs-
normal, so is (Y, n(s)).

Proof. Let A¢(s) and By(s) be any two partially quasi-
discoincident non-zero fs-closed sets in Y, with the
respective bases M and N and none of which is completely
contained in the other. Then g~"(A4;(s)) = A’+(s) (say)
and g~'(Bs(s)) = B's(s) (say) are npartially quasi-
discoincident non-zero fs-closed sets in X, with the
respective bases M and N and none of which is completely
contained in the other. Thus, there exist there exist Ur(s),
V¢ (s) € 8(s) such that

"1($)aw NV Up (), B'r () Vr (s), A'p(s) <MV (Vr(5))°,
B's(s) < (Up(s))",

whenever B¢ (s) is totally reduced from A’;(s); otherwise

A1 ()awUr(s), By ()quVr(s), Ap(s) < (V;(5))°,
B't(s) < (Ur(s))".

If we take U's(s) = g(Us(s)) and V's(s) = g(V¢(s)), then
U't(s), V's(s) € n(s) such that

Ap()aw "U's(8), B ()quV's (), Ar(s) <M7N (V' (9))°,
Br(s) < (U's(s)°

whenever By (s) is totally reduced from A, (s); otherwise

Ar()qwU' (s), Br($)quwV's (s), Ar(s) < (V'r(5))S,
Br(s) < (U'p(s))°.

Hence the theorem.

Ill. FS-COMPACTNESS AND (JFS-COMPACTNESS

In this section, fs-compact spaces are introduced and
studied. It has also been proved that an arbitrary product of
fs-compact spaces may not be fs-compact. For this, we
introduce a modified version of fs-compactness so called
Qfs-compactness, where the said problem is solved.

Definition 3.1 A family B of fs-sets is said to be a cover of
an fs-set Aq(s) if Ap(s) < V{Bs(s); Bs(s) € B}. If each
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member of B is open, then it is called an open cover of

Ar(s). A subcover of A¢(s) is a subfamily of B which
is also a cover of A¢(s).

Definition 3.2 An fs-set A¢(s) is said to be compact if its
every open cover has a finite subcover.

Definition 3.3 An FSTS (X, 8(s)) is called fs-compact if
X7 (s) is compact.

Definition 3.4 A family B of fs-sets is said to have finite
intersection property (FIP) if intersection of the members of
each finite subfamily of B is non-zero.

Theorem 3.1 An FSTS (X, 8(s)) is fs-compact if and only
if each family of fs-closed sets which has the finite
intersection property, has a non-zero intersection.

Proof. Suppose (X, &(s)) is fs-compact. Let B be a family
of fs-closed sets having the finite intersection property.
Suppose further that,

NB;(s); Bs(s) € B} = X7 (s).

This implies, {(Bf(s))¢; Bf(s) € B} is an open cover of
XF(s) and hence there exists
{B15 (), By£(5), ,Brr(s)} € B such that

V{'(:l(Bif(S))C = Xfl(s)

- a contradiction.

Conversely, let B be an open cover of X?(s) having no
finite subcover. Then {(B;(s)); Bs(s) € B} is a family of
fs-closed sets having the FIP but zero intersection. Hence
the result.

Theorem 3.2 An fs-continuous image of an fs-compact
space is fs-compact.

Proof. Let g : (X, 6(s)) = (Y, n(s)) be an fs-continuous
onto map, where (X, 8(s)) is fs-compact. Let B be an open
cover of Y/ (s), that is, Y/ (s) = Vi (s)eB By (s). Then
{97 (B;(5)); Bs(s) B} isan open cover of X/ (s) and
hence there exist a finite number of fs-sets,
Bi¢(s), Byf (s), , Br(s) €B such that

say

XH(s) = Vie g7 (Bif () = g7 (ViZ, Bis (5)).
Since g is onto, we have
k k
V) = g6 = 9o (\/ By = \/ By ()

Hence, {Bif(s); i = 1,2,...,k} is a finite subfamily of B
covering Y/ (s).

Corollary 3.1 An fs-homeomorphic image of an fs-compact
space is fs-compact.

Example 3.1 Let (X, §) be a fuzzy topological space,
where § = {0,1}. Consider the FSTS’s (X, V) and
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(X, 8(s)), where §(s) = {X(s), X} (s)}. Both the FSTS’s
have each component fuzzy topologies §. Again, (X, §(s))
is fs-compact but (X, V) is not. Thus, (X, §Y) and
(X, 6(s)) are not fs-homeomorphic although their
component fuzzy topologies are homeomorphic.

Theorem 3.3 If an FSTS (X, 6(s)) is fs-compact, then the
component fuzzy topological space (X, &,,) is fuzzy compact
for eachn € N.

Proof. Proof is omitted.

Theorem 3.4 If (X, 6V) is fs-compact, then (X, &) is fuzzy
compact.

Proof. Let A be an open cover of 1. For each A €A,
consider the fs-set B,;(s) = {Bj;}» , where By = A for all
n € N. Then {B,/(s); A € A} forms an open cover of X} (s)
in (X, 6N) and hence there exist A;,4,,..., A, € A
such that X7 (s) = Vi, Ba,s (s). Hence, {4, 4,, ..
a finite subfamily of A covering 1.

LA} s

Remark 3.1 Converse of Theorem 3.3 and Theorem 3.4
may not be true, as shown by Example 3.2.

Example 3.2 Let (X, &) be a fuzzy topological space, where
& = {1,0}. Then (X, &) is fuzzy compact but (X, §V) is not
fs-compact, since the family {A(s), k € N}, where

Ar=1,ifn=k
= 0, otherwise,

is an open cover of X7(s) in (X, V), having no finite
subfamily covering X/ (s).

Definition 3.5 For each i € J, let (X;,8;(s)) be an FSTS. A
product fuzzy sequential topology &6(s) on the product
X = [lie; X;, is the coarsest fuzzy sequential topology on X,
making all the projection mappings m;:X - X; fs-
continuous. If §(s) is the product fuzzy sequential topology
on X = [l X;, then (X, 8(s)) is called product fuzzy
sequential topological space.

Theorem 3.5 For each i € J, let (X;, ;(s)) be an FSTS. A
subbase for the product fuzzy sequential topology &(s) on
X =Tlig;X; is given by S={m;"(0;(s)); 0ir(s) €
6;(s),1 € J}, so that a basis for §(s) can be taken to be B =
{Nj=1 T[i;l(oijf(s)); 0i;r(s) € 6;,(s), 1; €],n € N}.
Proof. Proof is omitted.

Lemma 3.1 If S be a subbase for a fuzzy sequential
topology 6(s) on X, then (X, §(s)) is fs-compact if and
only if every open cover of X} (s) by the members of S, has
a finite subcover.

Proof. Proof is omitted.

Definition 3.6 A collection of fs-sets in an FSTS is said to
have the finite union property (FUP) if none of its finite sub-
collection covers X7 (s).

Theorem 3.6 Let n be a positive integer. If (X;, §;(s)) be
fs-compact spaces for each i 1,2, ,nand §(s) be the
product fuzzy sequential topology on X = [[i-;X;, then
(X, 8(s)) is fs-compact.
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Proof. We know that S= {r; " (0;¢(s)); 0ir(s) € 8;(s),i =
1,2,..... ,n} is a subbase for §(s). By Lemma 3.1, it
suffices to show that no sub-collection of S with FUP covers
X}(s). Let D be a sub-collection of S with FUP. For each
i =1,2,...,n letD; = {0:(s) € 6;(s); m; '(0;(s)) €D}.
Then D; is a collection of fs-open sets in (X;, 6;(s)) with
FUP. By fs-compactness of (X;, §;(s)), D; cannot cover
X}f(s). So, there exists x; € X; and m € N such that

the m®" component of (Vos)ep, O (D) (1) = a; (say)< 1.
Now, if we consider the point x = (xq, x5,....,%,) €X
and the collection D'; = {m; ' (0;(s)); O;(s) € 6;(s)}ND,
then it follows that

'\ oo

O’f(s)eD’i
= \/ {ni_l (Of(s)) (x); O¢(s) € 6;(s) and m; ! (Of(s))
€D}
- \/ {0,(5)(x); 04(s) € 8(5) and m;* (04(s)) € D}

A VAIONED

Of(S)EDi

Further, noting that D = U™, D’; , we obtain

(\ o=\l \/ o
01¢(s)eD =1 0's(s)eD’;
-\/ V oo
=1 0p(s)ep;

Therefore the m*" term of Vorpsep 0'r(8)) (¥) I8 Vi a;
which is less than 1 and hence the theorem.

Remark 3.2 An arbitrary product of fs-compact spaces may
not be fs-compact, as shown by Example 3.3.

Example 3.3 For each i € N, let X; = N. Let 4;¢(s) be an
fs-set in X; such that A7 (x;) = = Vx; € X; and Vn € N.

L

Let §;(s) = {X7(s), X} (5), Aip ()}U{Ai () X X11,2,...m(5);
n € N}, where xg, . n(s) is an fs-set whose each
component is the characteristic function of the set
{1,2,..... ,n}. Then (X;,6;(s)) is an FSTS. Further, if
{03:(s); A€A} be an open cover of X} (s) in
(X1, 8:(s)), then 0;4(s) = X[;(s) for some A€ A. This
implies that (X;, 5;(s)) is fs-compact for all i € N.

Now, let §(s) be the product fuzzy sequential topology
on X = [[;en X;. For (i,n) € N x N,

”i_l(Aif(S) X X1,2,..13(8)) = (Aif (8) X Xp1,2,...n3(8))om;
= Bif(s) (say)

is a member of §(s). Let x = (x;);eny € X. Then

Bif(s)(x) = Air(8) X x(1,2,...m3() (x;)

which implies, V n € N,
i—1
— ifx;<n
BEGO) = (A% Xy a)() =] 1 %
0 if x;>n

Given € > 0, we can find i with 1 —e < % , which gives
BZ}(X) >1l—eVn=> Xi. So V(i,n)ENXN BZ:(X) =1 for all
n €N, that is, VnyenxnBif(s) = X7 (s). If L be a finite
subset of N x N, then we can find N € N such that
whenever (i,n) €L, n < N. It follows that, for x =
(N,N,N,....... ), we have Bj%(x) = 0 for all (i,n) € L and
certainly V/; nye;, Bif (x) =0. Thus, V(i nyer, Bir (s) # X7 (s)
and hence (X, 6(s)) is not fs-compact.

Definition 3.7 A fuzzy sequential topology is called Qfuzzy
sequential topology if it contains all the component constant
fs-sets.

Definition 3.8 An fs-set A¢(s) inan FSTS (X, §(s)) is said
to be Q-compact if for any open cover {B;;(s);i € J} of
Ar(s) and for any positive sequence & = {e,},, of real
numbers, there exist finitely many Bj:(s)'s say
Bi, £ (5),Bi, s (8), o ver ,Bj, £ (s), such that

VA, By (s) (x) 2 As(s)(x) — & forall x € X.

Definition 3.9 An Q fuzzy sequential topological space or Q
— FSTS is called Qfs-compact if every component constant
fs-set is 2-compact.

Theorem 3.7 An fs-continuous image of an Qfs-compact
space is Qfs-compact.
Proof. Proof is omitted.

Lemma 3.2 Let S be a subbase for an Qfuzzy sequential
topology &(s) on X. Then (X, §(s)) is Qfs-compact if and
only if for any component constant fs-set af(s) with
Viej 0ir(s) = ay(s), where 0;¢(s) € Sforall i € ], and for
any positive sequence of real numbers € = {¢,},,, there are
finitely many indices say i,, i, __, i, € J such that

VA, 04, () (%) = ay(s)(x) — ¢ forall x € X.
Proof. Proof is omitted.

Definition 3.10 For an fs-set a;(s) and for a positive real
sequence € = {&,},, we say that a collection of fs-sets has
e-FUP for a;(s) if none of its finite sub-collection covers

as(s) —e.

Theorem 3.8 Let (X;, 6;(s)) be Qfs-compact spaces for all
i €] (J being an index set). Then the product fuzzy
sequential topological space (X,&(s)), where X = []¢; X;
is Qfs-compact.

Proof. Let a;(s) = {@,},, be a component constant fs-set in
X. We wish to show that a,(s) is Q-compact. A subbase for
8(s) is  S={n;'(0i(s)); Ois(s) € 8;(s),i €]} Let
e = {e,}» be any positive sequence of real numbers with
&, < a, for all n e N and let D be a sub-collection of S
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with e-FUP for a;(s). By Lemma 3.2, it is sufficient to
show that D does not cover a,(s).

For each i € ], set D; = {0y(s) € 8;(s); m; ' (0s(s)) €
D}. Suppose 0;,¢(s), 0,5 (s), , 0y, 7(s) € D;. Then
{7 (0y¢(s)); j = 1,2,...,k} is a finite sub-collection of
D, whence there exists a point x = (x;);c; €X and r € N

such that the rt"*component of
k

\/T[i_l(oijf(s))(x) <ar—&
j=1
It then follows that,

K
the rt* component of \/ Oijf (s)(x)

j=1

k
= the r*"* component of \/ Oijf(s)(ni (x))

j=1

k
= the r** component of \/ ni‘l(Oijf Q)63

j=1

This implies, D; is a collection of fs-open sets in (X;, §;(s))
with {%” 2-FUP for a;(s) — {%”}n. By Qfs-compactness of
(X, 6:(s)), D; cannot cover ag(s) — {%"}n. So, there exists
y; € X; and m € N such that

0,(5) (D) < @y — 2

the m*" component of ( 5

Of(S)EDi

Having done this for each i € J, sety = (y;);¢;. If we set
D'; = {m; ' (0;(5)); Of(s) € 6;(s)}ND, then as in Theorem
3.6, D = UiE] D’i and

0's(s) ) =
0’ s(s)eD’;

Of(S)()’i)
Of(s)eD;

so that

c\V oemm=\/c\/ oo

Olf(S)ED ieJ O’f(S)EDli
=\/c\/ oo
i€] Of(S)EDi
Therefore, the m*" component of
&
\/ o <an-F

0'f(s)eD

which is less than a,,. Thus D cannot cover ay(s).
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