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On Mathematical Operator Systems and applications
to information technology

N. B. Okelo

Abstract— The study of tensor products, operator systems
and spectral theory of operators form a very important focal
point in functional analysis. In this paper, we give results on
properties of tensor products in Hilbert spaces of operator
systems and subsystems.

Index Terms—Resultant, Operator, Multiparameter System,
Eigenvalue, Eigenvectors, Tensor products.

. INTRODUCTION

. The method of separation of variables in many cases turns
out to be the only acceptable, since it reduces finding a
solution to a complex equation with many variables to find a
solution to a system of ordinary differential equations, which
are much easier to study. In this work we consider operator
systems and their applications to ICT

We give some definitions and concepts from the theory of
multiparameter operator systems necessary for understanding
of the further considerations.

Let the linear multiparameter system be in the form:

PRELIMINARIES

By ()%, = (By +Zﬂ’|Bi,k)Xk =0,
i1

k=12,..

)

,n
where operators g . act in the Hilbert space

ki i
Definition 1. [1,2,11] A=A, Ao d) €C is an eigenvalue

of the system (1) if there are non-zero
elements x eH,, i=12,.,n such that (1) is satisfied, and

decomposable tensor  _ X ®% ®..0X is called the

eigenvector corresponding to

eigenvalueﬂ:(/?1 Ay ) €CT
Definition 2. The operator B* is induced by an

operator g, acting in the space j , into the tensor
S,i i

space H=H,®.®H, if on each decomposable

tensor , _ X ®..®X of tensor product

space we

H=H,®.®H,
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have B and on all
S

X=X 0.0, ®B X ®X,, ®.OX,
the other elements of |, _ H,®..®H, the operator B;, is

defined on linearity and continuity.
Definition 3 ([5], [6]).
Let L=X ®% ®..0X be an eigenvector of the

system (1), corresponding to its eigenvalueﬂbz(ﬂ1 oo ﬂ);

then - th associated vector (see[4]) to

, satisfying to conditions

vectors
{ i g i }C H®---®H,
200lin

Bg,i (ﬂ“)xis,sz,,,,sn + Bl+| Xslfl,s2 ..... Sn oot anixsl,...,snil,sn—l =0

151,52 118n :O ’ When Si <0 (2)
0<s, <m,r=12..,n i=1..,n

For the indices in

81,5, S,
element there are various
(Xil,iz ..... in) cH®---®H,

arrangements  from set of integers on | with

0<s, <m,r=12,..,n, *

Definition 4. In [1,3,11] for the system (1) is an analogue of
the Cramer’s determinants, when the number of equations is
equal to the number of variables, and is defined as follows: On
decomposable tensor , _ X ®..®X, operators A, €

defined with help the matrices

2 o @, a,
BO,lxl B1,1)(1 BZ,lxl Bn,lxl
Zn:aiAIX —— ® BO,ZXZ B].,2)(2 BZ,ZXZ Bn,ZXZ (3)
i=0 BO,3X3 Bl,3x3 BZ,BX3 Bn,3X3
BO,an Bl,an Bz,n Bn,n
where Ay ooy are arbitrary complex numbers, under the

expansion of the determinant means its formal expansion,
when the element | _ X ®x, ®..Qx 15 the tensor products

of elements X, Xy oo X If a =La =0,izk ,then right
side of (10) equal to A X where  _ X ®X, ®..®X On all
the other elements of the space 1y operators , are defined by

linearity and continuity. £ (s=12,...,n) is the identity
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operator of the space ., .Suppose that for all y_.qg ,

(A X)>8(x,x), s>0 » and all g —are selfadjoint
0™ = 1 [} ik
operators in the space H. - Inner product [.,.] is defined as

follows;if y _y @x,®..0x A y_y @y, ®..®y, ¥
decomposable tensors, then [% V] = (A%, Y) where (x,y) is
y 0N it Ji

the inner product in the space. , On all the other elements
1

of the space 4 the inner product is defined on linearity and
continuity. In space H with such a metric all operators
[ = Alp are selfadjoin

i =0 i

Definition5.( [7],[8])

Let two operator pencils depending on the same parameter

and acting in, generally speaking, in various Hilbert spaces be
as follows

A(L) = A +AA + A, +..+ A"A,
B(1) =B, + 4B, + A°B, +..+ "B,

Operator Res(A(4), B(4)) is presented by the matrix

A ®E, A®E, A ®E, 0
0 0 .A®E AG®E, A ®E,

E,®B, E ®B, E,®B, 0
.E®B, E®B, E,®B,

which acts in the (H, ®H,)""" direct sum of p 4 m copies of
the space H,®H, In a matrix (4), the number of rows with
operators A is equal to leading degree of the parameter ; in
pencils B(A) and the number of rows with B, is equal to the
leading degree of parameter , in AQY). The notion of

abstract analog of resultant of two operator pencils is
considered in the[7] for the case of the same leading degree
of the parameter in both pencils and in the [2] for, generally
speaking, different degree of the parameters in the operator
pencils.

Theoreml [7,8].
Let for all operators bounded in corresponding Hilbert
spaces, one of operators A or g has bounded inverse.

Then operator pencils A(2) and B(A) have a common point
of spectra if and only if

Ker Res(A(4), B(1)) = {9}

Remark 1. If the Hilbert spaces |, and | are the finite
1 2

dimensional spaces then a common points of spectra of

operator pencils A%) and B(1) are their common eigenvalues.

(see [6], [7].)
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{B(2) =By, + 4B, +..+ 4B, ;, i=12..n

B(4)" operator bundles acting in a finite dimensional

Hilbert space H correspondingly. Suppose
thatk1 Sk > >k - Inthe space k- (the direct sum of
>k, >..2k,
K +k, tensor product H=H,®.®H, of
introduced th
spaces  p H . H ) are introduce e

operators p (-1 . n

matrices (3.12) Let g (A be the operational bundles acting in

1) with the help of operational

a finite dimensional Hilbert space , , correspondingly.

Without loss ofcopies with

By, B Bkt,l 0

0 B B~ B, B, 0
N 0 0 -B, B B,
B, B By O 0

0 Bo+,i B Bl:,,i 0

o 0 B B B, ,
i=23..,n

The number of rows with operators B,,.5=01..k in the

matrix . is equal to | and the number of rows with
i-1 2

operators is equal to We designate

P B,,,s=01..k * K,. g

o, (B(2) the set of eigenvalues of an operator B,(4) .From
[5] we have the result:

Theorem 2.[9] =« if
No,(B.(4) {0}

if and only
n-1

[KerR, = {6}, (KerB, ={&}).

i=1

1I.
Consider the system

MAIN RESULTS

kl‘s kn‘s

A,j,s(l)xs = (A\)s +Zﬂlr Al,r,s +"‘+Zﬂ’nrA1,r,s +

4)
s=12,..,n

The parameters AP A enter the system nonlinearly,

and the system (4) contains also the products of these
parameters. Divide the system of equations (4) into groups
of n in each group. If some equations remains outside, these

equations we add by others operators from the system (4).
Each group contains p operators and will be considered

separately.

In (4) the coefficients of the parameter
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AL r<k.,m=12..n are the operators Anj’ which act in

the space H, index indicate on the parameter A index
- on the degree of the parameter , .

We introduce the notations:

r<k, m=12. (5)

r j—
ﬂ“m - 21<1+k2 +oo Ky g 1!

Further , we numerate the different products of
variables 4, 4,,..., 4, in the system (4) on increasing of the

degrees of the parameter 4, . Let the numbers of term with the
products of the parameters A, 4,,..., A, are equal to r Put
further

= A’l(1+k2+...+kn+t’ t<r ’

MAQE A = (WA A0,
where t < ¢ is the number which correspond the multiplier
the ordering of multiplies of parameters in the

/ql FLIWL 9 p p

system (4). So in new notations to the product

A5 A

Ak1+kz+...+kn+t’ t<r

), accordingly, operators

correspond the parameter

VYL L t<r

+.k, Y

A= Dkﬁkﬁﬁkﬂﬁ‘i r=12,..,ns=12,.,k;
i=12,..,n

K. =maxKk ;,i=12,..,k, (6)
A(l,kz,,,,kn;i = Dk1+k2+...+km+t,i t=12,.,s;51=12..,n

when s is the number of different products of parameters,
entering the system(4).
In new notations the system (4) in the tensor product of

spaces H,®H,®..QH, contains
arameters and p equations. Let
P n€dq k +K, +..+Kk

ki +k,+..+Kk, +s
—k Then

kf

n
ZZ[ 1+k2+ Ak +k k1+kz+ +k 1+k|]X +[Zﬂk+t k+t|]X| =0~

0 ket P} (7)
k,=0; k., =0;i=12,..,n

I

Adding the system (7) with help of new equations so
manner that the connections between the parameters,
following from the equations of the system (4), satisfy.

Introduce the operators — = acting in the finite

T, 1. T,,T,, To
dimensional space r2 and defining with help of the matrices

01 10 0 0) = 01
T0: , T1: 7T2: , To= ,
10 00 01 00
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00 .

L 000 000..000
010 .000 000 . 000
001 .000 000..000
T, =000 .. 000 ,.T, =000.000
000.00 000.010
000.000 000.. 00
000 . 01
100 .00
010 .
Tossy =(0 01 .. 000 ®)

000 .. 01

The number 1 stands on the diagonal elements of the first S
1

rows of the matrixT . diagonal elements of the rows
l,sl,r'

S +S, +ot Sy +1,..8 +5, +..+5 OF the matrix

ki +1,8i,1.7

is equal also to 1 and so on. Besides, all

matrices have the order
Toorr Tonsar = Tss),

S +S,+..+S,"
Adding the system (7) by the following equations

(Tz,n+1 + j1To,n+1 + /iQTl,nu)Xnu =0

(A ik, 2 Tomik ok, 2 F Aoty 1 Voumak, sk, 2

+ 1+k2T1,n+k1+k2—Z)Xn+k1+kz—2 =0

(ﬂk1+...+kn,1—2T2 ) "Z{lkl + ﬂ'k1+...+kn,1—1,0T0'1+nZlkl )Xn+k1+...+kn,1—2 =0
= =

(1k1+...+kn—2T2 + ik1+...+kn —lTO + j'le)Xk =0

9)
x,eR? s>n
(TO,t + ~Til,t +;’k1+lTizl + 1+...+kn,1+1Tin,t -
_Zk+(i1,iz ..... in)[T(il,iz ..... i"))xtzo
t=12,.,r
Denote the multiplier i, i, i, Of the
ﬂ'k+(|]_.L i eenrin )y P j‘1 17 ﬂ“l'l
parameters, entering the system (4) having the
coefficient A . System ((4),(9)) form the linear
gl )
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multiparameter ~ system, containing K +K, otk T
equations and arameters. To this system
q k1+k2+...+kn+sp Y

we may apply all results, given in the beginning of this paper.

Theorem 3. [4]. Let the following conditions:
a) operators in the space |, are bounded at
) op A<,t’A<1,k2,...,,kn;t P Hi
the all meanings and | .
b) operator AL exists and bounded satisfy:
0

Then the system of eigen and associated vectors of (4)
coincides with the system of eigen and associated vectors of
each operators - (i=12,...,n)

Given two equations from (9) . Let the equations be:
(T, + ATy + A T)X%,, =0
(21-'—2 + j'2T0 + ﬂsTl)sz =0

Let4 #0 u x,, =(oy, ) =0 is the component of the
eigenvector of the system ((4),(9)). We have

(10)

1

0 9al2 erlt Y wmreo

AP, 4700 =0, B+ 2oy =0, 2, # 0,4, =27

condition
it

Further from the

4 #0,4, #0,X,,, =(a,, 3,)#0

follows AP, + Aty =0, AB, + A, =0 and consequently,

~ =, . Earlier we proved that = , Consequently,
Jy =2 P =2 auenty

Z

o~

S

On analogy for

(ji' j'~2 L j:k1+kz +,,,+kn+s)

other parameters of ((4),(9)): if
is the eigenvalue of the system -((4),

9)) , then e L e s 3 s
( )) /14 = 114 ﬂ”kl = ﬂlk ﬂkl+k2+...+k,+s = ﬂ’r+1
r=12,..n-Ls=12..k,.

To each multiplier of
parameters it is corresponded

(P22 -2 = As t<T

the equation

(TO,t+k + ﬂlTl,il,kth + ﬂ'k1+1T2,i2,k+t +ot ﬂk1+k2 +...+kn71+1Tn,in,k+l -

=0

Consider the last equation, in which
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100 0 00
010 0 0 O
0 0 1 0 0 O
Ter=/0 00 0 0 0l,..,
000 0 00
000 0 00
000 0 0 0
000 000
000 000
Tk1+-»-+kn,1+l,sn,r: 0 0O 0 0O
000 010
000 001
0 0O 00 1
0 00 000
0 00 0 00
-I’:(Sl,,..,sn)‘,r: O 0 0 O O 0
0 0 0
0 0 0
0 0 O 0 0 O
1 0 O O 0O O
0 1 0 0 0 O
0O 0 O 1 0 O
0 0 O 01 0
For operators, defining with help the
matrices actinspace ps-+.+s,
Tig kst Tos ket Tns kst Tokst p R
On eigenvector e
(al""’ a51+52+-..+8n) c Rsl Sh
(_-r;)'r +11T1v51v" +"'+ﬂ'~1 ”’1k T1+k1+...+knf1v5n,r)d =

= ik+tT(sl...sn( r)d
Consequently,

ﬂial = ﬂ“kﬁ asl+...+sn

n asl+sz +o S g
+z k;

1+Zk.
=)

i=1

:asl+sz+...+s na 1

1+Zr,

i=1
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Hence,

R A = Ayt SN,
For the obtained linear multiparameter system we construct
operator , on rule (3).
0

The condition means that operators

KerA,' = {9}
T = AA, are pair commute [2]. So operators r, act in finite

have not the

Ky +Kp +.. kg +1
then for the any
of the system((4),(9))

dimensional space 4 and operators

Zero eigenvalues

eigenvalue(ﬂliz A )
' 1 G 4K 4tk

0 (2.47),(2.48)) from [7] it follows there is such eigen
element 7 that the equalities,

[.z=4.2" i=12,..k +k, +..+k, Saisfy. For analogy

conditions we obtain the analogy results for all groups. We
have the several systems of operator polynomials in one
parameter. We apply the results of [9]

The system has the form

zZ=A.A .z

Ky +Ky +...+ki_g +1,i i i,s—0,i 7i

Theorem 4. Let the conditions of the theoreml is fulfilled.
All operators A have inverse. Then the system(4) has the

0,i

common eigenvalue if and only if

Kerﬂ(A _ﬂi,sAo,i) #0,

Ky +Ky +...+ki_g +1,i

IV. APPLICATIONSTO IT

Tensor product is a very important technique used in solving
problems of norms in Hilbert spaces. Norms are very
important properties of operators and interesting studies have
been directed on them with applications to information
technology particularly in cyber security.
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