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Characterizations on @, 5)-interval valued fuzzy
Ideals in BF-algebras

S. Muhammad, A. Rehman, M. Zulfigar, M. Idrees

Abstract— In this paper, we introduced the notion of
(a, ) -interval valued fuzzy ideals in BF-algebra, where &

B areanyoneof €, (, € v J, € A and investigate
some of their related properties. We prove that an interval
valued fuzzy set A of a BF-algebra X is an interval valued

fuzzy ideal of X if and only if A isan (€, €) -interval valued

fuzzy ideal of X. We show that an interval valued fuzzy set 4 of
aBF-algebra Xisan (€, € v Q) -interval valued fuzzy ideal

of X if and only if for any [0.5, 0.5] < E- <[1,1], /1t~ ={x e X|

A (x) > T }is an ideal of X. Finally we prove that the
intersection and union of any family of (€, € v Q) -interval

valued fuzzy ideals of a BF-algebra X are an (€, € v Q)-
interval valued fuzzy ideal of X.

Index Terms— (&, ) -interval value, (€, € v @)
fuzzy ideals

I. INTRODUCTION

The theory of BF-algebra was first initiated by Walendziak
[25] in 2007. The theories of BF-algebra were further
enriched by many authors [5, 9, 24].

The fuzzy sets, proposed by Zadeh
[27] in 1965, has provided a useful mathematical tool for
describing the behavior of systems that are too complex or ill
defined to admit precise mathematical analysis by classical
methods and tools. Extensive applications of fuzzy set theory
have been found in various fields, for example, artificial
intelligence, computer science, control engineering, expert
system, management science, operation research and many
others. The concept was applied to the theory of groupoids
and groups by Rosenfeld [22], where he introduced the fuzzy
subgroup of a group.

A new type of fuzzy subgroup, which
is, the (&, € v Q) -fuzzy subgroup, was introduced by

Bhakat and Das [3] by using the combined notions of
“belongingness” and “quasi-coincidence” of fuzzy points and
fuzzy sets, which was introduced by Pu and Liu [21]. Murali
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[20] proposed the definition of fuzzy point belonging to a
fuzzy subset under a natural equivalence on fuzzy subsets. It
was found that the most viable generalization of Rosenfeld’s

fuzzy subgroup is (€, € v Q) -fuzzy subgroup. Bhakat [1-2]
initiated the concepts of (€\v Q) -level subsets,
(g, € v q) -fuzzy normal, quasi-normal and maximal

subgroups. Many researchers utilized these concepts to
generalize some concepts of algebra (see [4, 7, 8, 26, 31-32]).

In [6], Davvaz studied (€, € v Q) -fuzzy subnearrings and
ideals. In [11-13], Jun defined the notion of (&, f3) -fuzzy
subalgebras/ideals in BCK/BCl-algebras. The concept of
(a, B) -fuzzy positive implicative ideal in BCK-algebras
was initiated by Zulfigar in [31]. In [14], Jun defined
(g, € v Q) -fuzzy subalgebras in BCK/BCl-algebras. In
[32], Zulfigar introduced the notion of sub-implicative
(a, B) -fuzzy ideals in BCH-algebras.

The theory of interval valued fuzzy sets was proposed forty
year ago as a natural extension of fuzzy sets. Interval valued
fuzzy set was introduced by Zadeh [28], where the value of
the membership function is interval of numbers instead of the
number. The theory was further enriched by many authors [4,
7-8, 10, 15-19, 23, 29-30]. In [4], Biswas defined interval
valued fuzzy subgroups of Rosenfeld’s nature, and
investigated some elementary properties. Jun, introduced the
concept of interval valued fuzzy subalgebras/ideals in
BCK-algebras [10]. In [15], Latha et al. initiated the notion of

interval valued (e, f3) -fuzzy subgroups. In [16], Ma et al.
defined the concept of interval valued (g, € v Q) -fuzzy
ideals of pseudo MV-algebras. In [17-18], Ma et al. studied
(€, € v Q) -interval valued fuzzy ideals in BCl-algebras.

Mostafa et al. initiated the notion of interval valued fuzzy
KU-ideals in KU-algebras [19]. In [23], Saeid defined the
concept of interval valued fuzzy BG-algebras. Zhan et al. [30]

initiated the notion of interval valued (€, € v Q) -fuzzy

filters of pseudo BL-algebras.
In the present paper, we prove that an interval valued fuzzy

set A ofaBF-algebraXisan (€, € v Q) -interval valued
fuzzy ideal of X if and only if for any [0.5, 0.5] < t < [1, 1],
/-ft~ ={xe X| Z (x)> t }isan ideal of X. We show that if |
is a non-empty subset of a BF-algebra X, then I is an ideal of
X if and only if the interval valued fuzzy set Z of X defined

by
if xe X -1

~ <[0.5, 0.
l(x):{<[5 5] el

[ 1]
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is a (d, € v q)-interval valued fuzzy ideal of X.

Finally we prove that the union of any family of
(€, € v Q) -interval valued fuzzy ideals of a

BF-algebra X is an (€, € v Q) - interval valued
fuzzy ideal of X.

Il. PRELIMINARIES

Throughout this paper X always denote a
BF-algebra without any specification. We also include some
basic aspects that are necessary for this paper.

Definition 2.1. [25] A BF-algebra X is a general algebra (X,
* , 0) of type (2, 0) satisfying the following conditions:

(BF-1) x=* x=0
(BF-2) x=*0=x
(BF-3) 0 * (x*y)=(y* x)

forallx,y € X.

We can define a partial order “<” on X by x <
yifandonlyif x * y=0.

Definition 2.2. [5] A non-empty subset | of a BF-algebra X is
called an ideal of X if it satisfies the conditions (11) and (12),
where
(1) o0el,
(12 x=*yelandy e limplyx € |,

forallx,y € X.

We now review some fuzzy logic concepts.
Recall that the real unit interval [0, 1] with the totally ordered
relation “<” is a complete lattice, with A = min and V = max,
0 and 1 being the least element and the greatest element,
respectively.

Definition 2.3. An interval valued fuzzy set A of a universe
X is a function from X into the unit closed interval [0, 1], that

is /-?: : X — HI[O, 1], where for each x € X
A(X) =[14 (x), A" (¥)] € HIO, 1].

Definition 2.4. For an interval valued fuzzy set /-{ of a
BF-algebra X and [0, 0] < t < [1 1], the crisp set

/1~:{xeX|/1(x)>t}

is called the level subset of /1 .

Definition 2.5. An interval valued fuzzy set /-f of a
BF-algebra X is called an interval valued fuzzy ideal of X if it
satisfies the conditions (F1) and (F2), where

(F1) 4(0) > A (x),

(F) A ()2 A(x*y)r A
forallx,y € X.

An interval valued fuzzy set A of a
BF-algebra X having the form
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T6)- {i‘ (= [0, 0]) if y=x

[0, O] if y=x

is said to be an interval valued fuzzy point with support x and
value t and is denoted by X:. An interval valued fuzzy

point X; is said to belong to (resp., quasi-coincident with) an

interval valued fuzzy set }T , written as Xi € ﬂ-: (resp.
XcQA)if A () > T (resp. 2 () + T >, 1]). By X;
ev( Z(Xi‘ eng /-f) we mean that X; e Z or
X:qQA(X; e A and X; qA).

In what follows let & and £ denote any one
of ,9, e Vq € Aqand & # € A q unless otherwise
specified. To say that Xf 2 /I means that Xf o /I does
not hold.

3. (&, ) -interval valued fuzzy ideals

In this section, we define the concept of
(@, fB) -interval valued fuzzy ideals in a BF-algebra and
investigate some of their properties. Throughout this paper X
will denote a BF-algebra and o , ,E areanyoneof €, {0,
‘€ v {, € AQ unless otherwise specified.

Definition 3.1. An interval valued fuzzy set /-f of a
BF-algebra X is called an (&, f3) -interval valued fuzzy
subalgebra of X, where @ # € A Q, if it satisfies the
condition (A), where

A X*Y)ip @i = X~,Eﬁ ory; B4,
forall [0, 0] < t1 t [I,1]and x,y € X.
Let ;1- be an interval valued fuzzy set of a

BF-algebra X such that Z (x) = [0.5,0.5] forall x € X. Let
x € Xand [0,0]<t < [l 1] be such that

_ € q
Then

A<t and A+ 1 <[L 1].
It follows that

2(0=A0)+A0)< A0+t <[L1].
This implies that A () < [0.5, 0.5]. This means that
{X; | xﬂE/\q/l}=¢.
Therefore, the case & = € A { in the above definition is
omitted.

Definition 3.2. An interval valued fuzzy set ;1- of a
BF-algebra X is called an (&, f) -interval valued fuzzy
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ideal of X, where & # € A (Q, ifitsatisfies the conditions
(B) and (C), where
B) 0; a A= X B /1

©) Xy, & A= (x* y)tl,ﬁior ytz,ﬁi,
forall[0,0]<f, El,;fzs[l,l] andx,y € X.

Theorem 3.3. An interval valued fuzzy set Z of a BF-algebra
X is an interval valued fuzzy ideal of X if and only if A isan
(€, €) -interval valued fuzzy ideal of X.

Proof. Suppose /-f is an interval valued fuzzy ideal of X. Let
0; € A for[0,0] <t <[, 1]. Then A (0) < t . By
(F1), we have

t > /1 0) > /1 (x).
This implies that T > 1 (x), thatis, X; € A Letx e X

and [0, 0]<t , T <[1, 1] be such that
X:. €A
Then
L)<t AT.

Since /1 is an interval valued fuzzy ideal of X. So
t AT > A(x)> /1(x*y)/\ A(y)
This implies that
t>Axxy)or T > (),
that is,
(x*y): € Aory; € 4.

This shows that A isan (€, €) -interval valued fuzzy ideal
of X.

Conversely, assume that A is an

(€, €) -interval valued fuzzy ideal of X. To show A is an

interval valued fuzzy ideal of X. Suppose there exists x € X
such that

1(0)< A ().
Select [0, 0] < t <[1 1] such that
A@<t<im
Then 0; € A but X_ e ﬂ which is a contradiction.
Hence

2(0) > A (%), forall x € X.
Now suppose there exist X, ,y € X such that

i(X)< A (xxy) A L ().
Select [0, 0] < t <[1, 1] such that
/1(X)<t </1(X*Y)/\ 2 ).
Then X; € A but (x*Yy): e A and y e A, which is
a contradiction. Hence
A2 Axry) A A(y)

This shows that A is an interval valued fuzzy ideal of X.
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4. (€, € v Q) -interval valued fuzzy ideals

In this section, we define the concept of
(€, € v Q) -interval valued fuzzy ideal in BF-algebra and
investigate some of their related properties.

Definition 4.1. Let A be an interval valued fuzzy set of a

BF-algebra X. Then A is called an (€, € v Q) -interval

valued fuzzy ideal of X if it satisfies the conditions (D) and
(E), where

0 0; €4 = x EvgAa,
(E) XFAFEZ = (X*y); Evagal or
yFEVG/T,

forallx,y e Xand[0,0]< t , T <[1,1].

Theorem 4.2. The conditions (D) and (E) in Definition 4.1,
are equivalent to the foIIowing conditions, respectively:
(F) A (0)Vv][0.5,05] > /1 (%),

@) A()V[0505 2 (x*y)A k()
forall x,y € X.
Proof. (D)= (F)
Let x € X be such that

3 1 (x> 1 (0)v[0.5,0.5].
Select t such that
/1(x) >t >/1(0) [05 0.5].
Then 0; € 2. But/1(x)> t and/l(x)+t > [1, 1],

thatis X_ e 1 and X. q/1 , which is a contradiction. Hence

2 (0)V[0.5 05] > A (x).

(F) = (D) _ _ _
Let O € A.Then A (0)<t .
It 1 (0) > [0.5, 0.5], then by condition (F)
t>ﬂ@>im

and so Z(x)<f,thatis X. € 1.

If 1 (0) < [0.5, 0.5], then by condition (F)
[0.5,0.5] > A (x).

Suppose XF € Z . Then Z(x) > t . Thus [0.5,0.5] =2

t . Hence

A () +t <[0.5,0.5]+[0.5, 0.5] = [1, 1],
thatis, X_ @ A . This implies that
v {q y)

(E)=(G)
Suppose there exist X, y € X such that

Axxy)A A(y)> A (x)V][0.5,0.5].
Select T such that
A=A Ay =1 >A(xV[05 05].
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Then X € A but (x * y); e A and y; e A, which

is a contradiction.
Hence

1 (0 V[05 05 > A xxy)r A ()

(G)=(E)

Let X: . € A for[0,0]< T, F <[1,1]. Then

)<t AT,

(@ If ﬂ, (x) = [0.5, 0.5], then by condition (G)
/1(X) 2 /1(X*Y)/\ /1()/)
and so /I(x*y)< t or /1(y)< I, thatis
(x*y); € A or y: € X
Hence
(x*y)rqu/-for yrqui.
(b) 1f 4 (x) <[0.5, 0.5], then by condition (G)
[0.5,05] > A (X *y) A
A ) _ _
Suppose (X * y): € A, Yze A.Then

Axxy)>tandd(y)>T.

Thus _
[05,05]>t AT .
Hence
A(x*y)A A )+ T AT <[05,0.5]+[0.5 05]=[1, 1]
that is,

(x*y); Aoy, qAi
This implies that
(x*y); €EvgAoy:€vgA

Corollary 4.3. An interval valued fuzzy set /:t- of a
BF-algebra X is an (€, € v Q) -interval valued fuzzy
ideal of X if it satisfies the conditions (F) and (G).

Lemma 4.4. For any (€, € v Q) -interval valued fuzzy
ideal Z of a BF-algebra X, if x <y then
A () V[0.5,05] > A (y).

Proof. Let A be an (€, € v Q) -interval valued fuzzy
ideal of X. If x <y, thenx * y=0. By Theorem 4.2, we have
A (X)V[0505] > A(x*y)A A(y)

A (%) Vv [05, 05 = 1 (0) A
A ) _
A ).

1 (x) v [05, 05] >

(by condition (F))

Theorem 4.5. For any (€, € v Q) -interval valued fuzzy

ideal Z of a BF-algebra X, if x * y <z, then
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A () V[0505 > A A @
Proof. Straightforward.

Theorem 4.6. An interval valued fuzzy set 4 of a BF-algebra
Xisan (€, € v Q) -interval valued fuzzy ideal of X if and

only if for any [0, 0]<t <[1, 1]

/1~ —{XEX|/1(X)> ty
is an ideal of X.
Proof. Let A be an (€, € v Q) -interval valued fuzzy
ideal of X and [0.5, 05] < T < [1,1]. If A = ¢, then x
€ /-11~ . This implies that Z x) 2 t. By condition (F), we
have

A(0)V[05 05> 1(x)> 1.

Thus A (0) > 1 .HenceO e /L~

Letx*xy e /If andy e /L;.Then
Axsxy)> 1 and A@y)>T.
By condition (G) we have

/1(x)v[05 0.5] > /1(x*y)/\ /1(y)
>

At

I'_"lt—l-)

Thus Z(x) >t thatisx € ﬁ~ Therefore A is an ideal
of X.

Conversely, assume that E is an interval
valued fuzzy set of X such that ﬂt; (# @) isanideal of X for
all [0.5,0.5] < < [1,1]. Letx e X be such that

A (0) v [05,0.5] < A (¥).
Select [0.5,0.5] < t < [1, 1] such that
1 (0)V[05,05]<t < A (.
Thenx € Zf but0 ¢ /{; , a contradiction. Hence
A (0)V[0.5,05] > A (x).
Now assume that x, y € X such that
i(X)V[05 05]< A (x*y) A 4 ().
Select [0.5, 0.5] < t <[4, 1] such that
/1(x)v[05 05]< t < A(x*y)/\ /I(y)
Then x * y and y are in /1; but x ¢ /1;, a contradiction.
Hence
A () V[05,05] > 1 (x*y)A L ().
This shows that 4 is an (€, € v Q) -interval valued
fuzzy ideal of X.

Corollary 4.7. Every interval valued fuzzy ideal of a
BF-algebra X is an
(€, € v Q) -interval valued fuzzy ideal of X.

Theorem 4.8. Let | be a non-empty subset of a BF-algebra X.
Then | is an ideal of X if and only if the interval valued fuzzy

set Z of X defined by
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if xeX—1
if xel,

[0.5, 0.5]
[1, 1]

~ <

A(x)=
isan (€, € v Q) -interval valued fuzzy ideal of X.
Proof. Let | be an ideal of X. Then 0 € I. This implies that
Yl (0) =11, 1] Thus

/1(0)\/[05 0.5]1=1[1,1]=2 /1 (X).

It means that /1 satisfies the condition (F).
Now letx,y € X. Ifx *yand y are in |, then x € I. This
|mpI|es that

A(x)v[OS 0.5]=[1,1] = ﬂ,(x*y)/\ A(y)
If one of x = yand y is not in I, then

/1(x*y)/\ /I(y) <[05,05] < Z(X)V[OS 05]

Thus A satisfies the condition (G). Hence 1 s an
(€, € v Q) -interval valued fuzzy ideal of X.

Conversely, assume that A is an
(€, € v q)-interval valued fuzzy ideal of X. Let x € I.
Then by condition (F)

A (0)Vv[05,05] > A (x)=[1,1].
Thisimpliesthat0 € I. Letx,y € Xbesuchthatx *yandy
are in |. Then by condition (G) we have

l(x)v[OS 0.5]> /1(x*y)/\ /1(y)—[1 1].
This implies that
A () =1[1,1],
that is

X el
Hence | is an ideal of X.

Theorem 4.9. Let | be a non-empty subset of a BF-algebra X.
Then | is an ideal of X if and only if the interval valued fuzzy

set Z of X defined by

<[0.5, 0.5]
[11]

if xe X—1

260 =
) it xel,

isa (0, € v Q) -interval valued fuzzy ideal of X.

Proof. Let | be an ideal of X. Let [0, 0] < t < [1, 1] be such
that

0-q 4
Then
Ao+ T <@
s00 ¢ I. Thisimpliesthat 1 = ¢ . Thus,if t >[0.5, 0.5], then
1 (x) <[0505] <1,
S0 X et < [0.5, 0.5], then

1 (x)+ 1 <[05,05]+[05,0.5]
This implies that

=[1, 1.

X qA.

Hence
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X. EvAa.
Now letx € X and [0,0] < t , T <[, 1] be such that

Then
A+ T AT <1,
sox ¢ |. This implies that either
Xxxy & lory & I
Suppose x *y & |. Thus, if t >[0.5, 0.5], then
l(x*y) <[0505]< t
and so }T (x=*y) < t . This implies that
(x*y); € 4.
If t < [0.5,0.5]and (X * Y); € A, then
Z (x=*y) 2 t.
As
[0.5,0.5] > 1 (x *Y),
$0[0.5,05] > t . Thus

A(x*y)+t <[05,05]+[0.5,0.5] =[L 1],
that is

>>z

(x=*y); q
Hence
(X*y); evq x.
Similarly, ify ¢ I, then

Yr €vaqAa.
This shows that A is a (@, € v Q) -interval valued fuzzy
ideal of X.
Conversely, assume that Z is a

(@, € v Q) -interval valued fuzzy ideal of X. Letx € I. If
0 ¢ I then
2(0) <[05,05]
Now forany [0,0] < t <[0.5, 0.5]
1©0)+1T <[05,05]+[05,05]=[L1],
this implies that Oz A . Thus
evq /-7:

But

A0=[L1>T ad A+t >[L 1]
implies that
X_€n qAi .
This is a contradiction. Hence 0 € 1.

Now suppose X,y € Xsuchthatx *yandy € |. We have to
show that x € 1. On contrary assume that x & I. Then

A (x) < [0.5,0.5].
Now for [0,0] < £ <1, 1]
A(x)+t <[05 05]+[0.5, 05]=[L 1],
that is

qu}{
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Thus
(x*y); evqlory;evqgil.
Butx *yandy € | implies

Axxy)= A () =1 1]
This implies that

(X*Yy); € /\q/-f and Yy; € Aq/-f,

which is a contradiction. Hence x € I.

Theorem 4.10. Let | be a non-empty subset of a BF-algebra X.
Then | is an ideal of X if and only if the interval valued fuzzy

set Z of X defined by

~ {S [0.5, 0.5] if xe X -1
A X =

L, 1] if xel,

isan (€ v @, € Vv q)-interval valued fuzzy ideal of X.

Proof. The proof follows from the proof of Theorem 4.8 and
Theorem 4.9.

Theorem 4.11. The intersection of any family of
(€, € v Q) -interval valued fuzzy ideals of a BF-algebra X

isan (€, € v Q) -interval valued fuzzy ideal of X.
Proof. Let {/Ti }ie 1 be a family of (€, € v Q) -interval
valued fuzzy ideals of a BF-algebra X and x € X. So
A (0)v[05,05] = A ()
foralli € I. Thus
(i/E\I A:)(0) v [0.5,0.5] = A (4, (0) v [0.5,0.5])

Thus
(_/\I /1i )(0) v [0.5,0.5] = (_/\I /1i )(X).

Let X, y € X. Since each /Z is an (€, € v Q) -interval
valued fuzzy ideal of X. So
A (Vv [05,05] > A (x*y) A 4 (¥)
foralli e I. Thus
(A )R VI05,08]= A (4 () [05,05)
> A (A (0

I e

A &)
=0, Ao
NACA DY)

Thus _ _ _
(A 460 V105,051 2 (A A=) A (A ).

62

Hence, A A, isan (€, € v {)-interval valued fuzzy
iel

ideal of X.

Theorem 4.12. The union of any family of
(€, € v Q) -interval valued fuzzy ideals of a BF-algebra X

isan (€, € v Q) -interval valued fuzzy ideal of X.
Proof. Let {/-7:i }ie 1 be a family of (€, € v Q) -interval
valued fuzzy ideals of a BF-algebra X and x € X. So
2. (0) v [05,05] > A ()
foralli e l Thus _
(i\E/I 2;)(0) v [0.5,0.5] = v (4; (0) v [0.5,0.5])

> v (4 (0)
=(v, A,

Thus
(_vI A;)(0) v [0.5,0.5] > (_\/I A)(X).

Let X, y € X. Since each ﬂ-:, is an (€, € v Q) -interval
valued fuzzy ideal of X. So
2y (9 v [05,05] = 4 (x*y) A 4 ()
foralli € I. Thus B _
(i\e/l A;)(x) v [0.5,0.5] = v (A4 x)V

[0.5, 0.5]) 3
> N (A (x*y) A
o)
= (v A)x*y)
MY, D)

Thus
(v, A)x)V[05,05] 2 (v, A y) A (v, A)).
Hence, v, /-f, isan (€, € v Q) -interval valued fuzzy

ideal of X.

I1l. CONCLUSION

To investigate the structure of an
algebraic system, we see that the interval valued fuzzy ideals
with special properties always play a central role.

The purpose of this paper is to initiated

the concept of (&, ) -interval valued fuzzy ideals in

BF-algebra, where « , ,E areanyoneof €, 0, € v (,
‘€ A {Q and investigate some of their related properties. We

prove that an interval valued fuzzy set A of a BF-algebra X

is an interval valued fuzzy ideal of X if and only if Z is an
(€, €) -interval valued fuzzy ideal of X. We show that an

www.ijeart.com
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interval valued fuzzy set /I of a BF-algebra X is an
(€, € v Q) -interval valued fuzzy ideal of X if and only if

forany[0.5,05]< t <[1,1], A- ={xeX| A (>t }is
an ideal of X. Finally we prove that the intersection and union
of any family of (€, € v Q) -interval valued fuzzy ideals

of a BF-algebra X are an (€, € v Q) - interval valued

fuzzy ideal of X.

We believe that the research along this direction can be
continued, and in fact, some results in this paper have already
constituted a foundation for further investigation concerning
the further development of interval valued fuzzy BF-algebras
and their applications in other branches of algebra. In the
future study of interval valued fuzzy BF-algebras, perhaps the
following topics are worth to be considered:

(1) To apply this notion to some other algebraic structures;

(2) To consider these results to some possible
applications in computer sciences and information
systems in the future.
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